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/.  STEADY  G/IS  FLOW 


G.S.Roslyakov  and  G.  F.  Telenin 

SURVEY  OF  COMPUTATIONAL  WORK  ON  STEADY  AXISYMMETRIC 
GAS  FLOW  CARRIED  OUT  AT  THE  COMPUTATIONAL  CENTER 
OF  MOSCOW  STATE  UNIVERSITY 

This  article  reviews  the  computational  work  on  steady  axisymmetric 
gas  flow  carried  out  at  the  Computational  Center  of  Moscow  State 
University  between  1957  and  1962.  The  work  was  undertaken  by  scientific 
workers  of  the  Institute  of  Mechanics  of  Moscow  State  University,  under¬ 
graduate  and  graduate  students  of  the  University,  members  of  other 
organizations,  and  the  regular  staff  of  the  Computational  Center.  The 
project  was  headed  by  Academician  G.  I.  Petrov. 

This  article  is  of  an  informative  nature  and  the  results  given  are  mostly 
those  of  completed  works,  some  accounts  of  which  are  published  in  the 
present  collection. 


L  NUMERICAL  COMPUTATION  OF  SUPERSONIC  GAS  FLOW 
BY  THE  METHOD  OF  CHARACTERISTICS 

1.  Potential  flow 

The  computation  of  exhaust  nozzles  of  supersonic  windtunnels  is  dealt 
with  by  V.  K.  Solodkin  and  G.  S.  Roslyakov  /!/,  who  considered  nozzles  with 
plane  transitional  surface  and  uniform  outlet  flow  (Figure  1).  The  radius 
of  the  critical  section  OA  is  assumed  to  be  known,  as  is  the  distribution  of 
the  Mach  number  M  over  the  nozzle  axis  (in  the  form  of  a  monotonically 
increasing  function  M=f{x)  with  a  piecewise  continuous  derivative;  — 
f'{0)=0;  f{C)=Mo,  X  being  the  coordinate  along  the  nozzle  axis).  The 
computation  is  made  by  the  method  of  characteristics  from  the  straight 
characteristic  BC  up  to  the  critical  section.  Six  series  of  nozzles  have 
been  tabulated: 


Series  I:  Mo  ==1.506;  1.75; 
Series  11:  Mo=4.5;  5(1)  8;  10; 
Series  III:  Mo=4(0.5)  7; 

Series  TV:  Mo=8,  9,  10; 

Series  V:  Mo=IO(])20; 

Series  VI;  Mo=10(5)25; 


tg  60=0.25; 
tg  Oo=0.1624; 
tg  60=0.229; 
tg  00  =  0.2553; 
tg  00  =  0.1745 


The  ratio  of  specific  heats  y  was  taken  as  1.4  for  series  I-V  and  —  for 
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series  VI.  Nozzle  contours  in  series  III  and  IV  are  given  both  with  and 
without  allowance  for  the  effect  of  the  boundary  layer.  All  nozzles  of 
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series  II- VI  have  a  region  of  conical  flow  characterized  by  the  angle  Bo- 
The  part  of  the  nozzle  contour  from  the  sonic  line  to  the  conical  region  is 
common  in  all  these  series.  Series  II- V  differ  in  their  conical  angle  Bo. 


L.  V.  Pchelkina,  V.  A.  Rubtsov,  and  V.  M.  Semichastnova  /2/  give  tables 
of  conventional  nozzles  with  an  angular  point,  uniform  outlet  flow,  and  a 

plane  transitional  surface  (Figure  2).  .  .  ^ 

The  fan  of  rarefaction  waves  arising  at  the  angular  point  A  and  the 
Goursat  problem  with  boundary  conditions  for  the  extreme  characteristic 
AC  of  the  fan  and  for  the  straight  boundary  characteristic  BC  are  computed 
by  the  method  of  characteristics.  The  computation  of  the  sonic  characteristm 
proceeds  from  a  series  expansion  of  the  solution  in  terms  of  the  characteristic 

coordinate'!^.  i  •4.u 

Reference  /2/  is  the  first  part  of  an  atlas  of  conventional  nozzles  with 

an  angular  point,  covering  the  following  range  of  parameters; 

Mo=  1.4(0.4)3;3(0.2)5;  5  (0.1)7; 

Y-  1.1(0.02)  1.18. 

The  computational  method  and  the  programs  have  been  described  by 

L.  V.  Pchelkina  and  V.  A.  Rubtsov  in  /3/.  ,  , 

To  facilitate  the  use  of  the  atlas,  tables  have  been  compiled  /4/  of 

the  principal  gas -dynamic  functions  X,  <?,  «,  e,  t.  e  for  various  Mach  numbers 

M,  0  <  Af  <  7,  for  the  following  ratios  of  specific  heats  y- 


1.05;  1.1  (0.01)  1.18;  1.20;  1.22;  1.25;  1.3;  1.4;  1.67. 

L.  V.  Pchelkina  and  V.  K.  Solodkin  15  f  tabulated  conventional  nozzles 
with  an' angular  point  and  radial  outlet  flow.  The  computational  ^ocedure 
is  similar  to  /2/,  with  the  difference  that  the  characteristic  BC  (Figure  3) 
is  a  characteristic  of  sonic  flow  with  the  pole  O'  on  the  axis  of  symmetry. 
Nozzle  contours  have  been  tabulated  for 

Mo=5,  6,  8,  10,  13,  15  and  Po=0.01;  0.02;  0.04  (y=1.4). 

U  G  Pirumov  and  V.  A.  Rubtsov  /6/  developed  a  method  for  computation 
of  supe’rsonic  annular  nozzles  with  two  angular  points  and  a  straight  sonic 


See  Ketskova  O.  N.  and  Yu.  D.  Shmyglevskn.  Osesimmetrlchnoe  avetkhzvukovoe  techenie  svobodno 
rasshityayushchegoaya  gaza  s  ploskoi  poverkhnosfyn  perekhoda  (Axisymmetric  Supenonic  Flow  o 
Freely  Expanding  gL  with  Plane  Transitional  Surface).  -  Vychislitel  naya  matematika,  No.  2.  1957. 
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line.  Nozzles  with  coplanar  angular  points  (Figure  4),  as  well  as  nozzles 
with  displaced  angular  points  (Figures  5  and  6)  are  considered.  Computa¬ 
tions  are  made  by  the  method  of  characteristics.  It  is  shown  that  the 
annular  nozzle  is  shorter  than  a  conventional  nozzle  (Figure  2)  with  the 
same  critical  section  area  and  the  same  Mq.  It  is  also  shown  that 
displacement  of  the  lower  angular  point  (Figure  5)  may  increase  the 
number  Afo  at  the  nozzle  outlet  in  comparison  with  the  Mo  of  an  annular 
nozzle  of  the  same  critical  section  area  which  has  coplanar  angular  points. 
Displacement  of  the  upper  angular  point  (Figure  6)  lowers  the  Mo  at  the 
nozzle  outlet.  The  use  of  an  annular  nozzle  with  a  displaced  lower  point 
enables  the  nozzle  length  to  be  reduced  by  a  factor  of  close  to  2  in 
comparison  with  the  corresponding  conventional  nozzle.  Tables  of  several 
annular  nozzles  are  given  by  E.  G.  Mezhibovskaya,  U.  G.  Pirumov,  V.  A.. 
Rubtsov,  and  E.V.  Sorokina  /7/. 


The  sonic  characteristics  in  /6/  and  /7/  were  assumed  linear  with 
constant  M  =  1.001  and  velocity  parallel  to  the  axis,  which  introduces 
virtually  no  errors  into  the  computational  results. 

An  approximate  method  is  also  proposed  in  these  works  for  computing 
the  flow  in  an  annular  nozzle,  which  gives  satisfactory  agreement  with  the 
exact  method  in  regions  far  from  the  axis  of  symmetry. 

A  large  series  of  computations  of  intake  nozzles  was  also  carried  out 
at  the  Computational  Center. 


2.  Eddy  flow 

G.  S.  Roslyakov  and  N.  V.  Drozdova  /8/  studied  gas  flow  past  a 
scalariform  cone  (Figure  7).  The  eddy  region  (beyond  the  curvilinear 
shock)  is  dealt  with  by  the  method  of  characteristics.  To  find  a  solution 
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near  the  turning  point  on  the  generatrix  of  the  body,  the  solution  is  expanded 
in  a  Taylor  series  in  terms  of  one  of  the  unknown  variables. 


Computational  results  are  given  for  a  cone  with  Pi=  20°,  ^2-  35°,  for 

=  2.2,  2.6,  3,  3.42,  4.098,  6.103,  and  for  a  cone  with  Pi-  15°,  P2=^  35°, 

for  2.594,  4.097. 

T.  G.  Volkonskaya  /9/  applied  the  method  of  characteristics  to  the 
computation  of  a  supersonic  jet  (Figure  8).  The  case  considered  is  when 
the  outlet  pressure  exceeds  the  pressure  on  the  jet  boundary,  so  that  a 
•’suspended”  compression  shock  forms  in  the  strearn.  A  procedure  is 
described  for  computing  the  "suspended”  shock.  It  is  shown  that  the  errors 
in  determining  the  shock  point  of  origin  have  a  negligible  effect  on  the 
accuracy  of  the  results*  Some  computational  results  are  given.  Computa¬ 
tions  are  made  only  in  the  supersonic  part  of  the  flow  up  to  some  charac¬ 
teristic  AB, 


3.  Computation  of  gas  flow  with  an  allowance  for 
physicochemical  reactions 

U.  G.  Pirumov,  V.  A.  Rubtsov,  and  V*  N.  Suvorova  /lO/  computed  nozzles 
with  an  angular  point  (Figure  2)  taking  into  consideration  equilibrium 
physicochemical  reactions.  To  compute  the  flow  of  an  arbitray  equilibrium 
mixture,  it  suffices  to  know  the  tabulated  dependence  of  pressure  on 
density  (for  constant  entropy).  This  dependence  is  approximated  in  the 
computer  and  is  then  applied  in  the  method  of  characteristics,  which 
essentially  does  not  differ  from  the  method  of  characteristics  for  an  ideal 
gas.  Reference  /lO/  discusses  the  flow  of  real  gases  in  nozzles  of  given 
contour  and  computations  are  made  of  nozzles  with  uniform  and  parallel 
outlet  flow.  For  one  given  gas  composition,  the  effect  of  real  gas 
properties  on  the  coefficient  of  momentum  loss  in  the  nozzle  is  studied, 

neglecting  friction.  ,  ^ 

N.  V.  Dubinskaya,  R.  A.  Gzhelyak  and  I.  V.  Igonina  /II /  developed  a 
procedure  and  compiled  a  program  for  computing,  by  the  method  of 
characteristics,  supersonic  flow  of  many- component  (up  to  32  components) 
gas  mixtures  with  an  allowance  for  nonequilibrium  physicochemical 
reactions.  The  Prandtl-Mayer  flow  has  been  computed  for  nonequilibrium 
air  flow. 


4 


4.  Some  procedural  problems  and  organization 
of  computational  work 

In  view  of  the  large  volume  of  computational  works  applying  the  method 
of  characteristics  to  steady  axisymmetric  gas  flow,  much  attention  is  paid 
to  the  proper  organization  of  the  computational  work. 

During  1957,  at  the  Computational  Center  of  Moscow  State  University, 

G.  S.  Roslyakov,  V- M.  Paskonov,  and  A.  A.  Deeva  /1 2/  developed  a  system 
of  standard  programs  for  the  computation  of  axisymmetric  potential  flows 
of  ideal  gases  on  the  STRELA  computer.  The  subroutine  library  includes 
programs  for  computation  of  flow  parameters  at  the  inner  nodes  of  the 
characteristic  grid,  at  boundary  points  of  various  kinds,  and  also  several 
service  routines.  One  common  part  of  the  working  memory  has  been 
allotted  to  all  the  subroutines.  The  programs  have  been  written  for  an 
arbitrary  ratio  of  specific  heats  y,  A  provision  is  made  for  easy  standard 
referencing  of  the  subroutines  from  the  main  program.  Any  of  the 
subroutines  (and  also  the  common  part  of  the  working  memory)  can  be 
stored  anywhere  in  the  computer  storage. 

For  each  application  the  subroutines  are  adjusted  in  the  computer 
memory  by  a  special  compiling  program  (SSP-2)'i^,  which  also  ensures 
mutual  referencing  of  the  subroutines. 

An  analogous  system  of  subroutines  for  computing  turbulent  gas  flows  on 
the  STRELA  computer  was  developed  by  V.  M.  Paskonov  and  L.  V.  Pchelkina 
/13/. 

Standard  programs  for  the  computation  of  potential  flow  of  ideal  gases 
on  the  electronic  computer  of  the  Computational  Center  of  Moscow  State 
University  were  developed  by  R.  A.  Gzhelyak,  E.  G.  Mezhibovskaya, 

L.  V.  Pchelkina,  and  V.  A.  Rubtsov  /14/;  for  computation  of  equilibrium 
real-gas  flow,  by  V,  A.  Rubtsov  and  V.  N.  Suvorova  /15/;  and  for  non¬ 
equilibrium  flow,  by  N.  V.  Dubinskaya,  R.  A.  Gzhelyak,  and  I.  V.  Igonina  /16/. 
Besides  the  programs  discussed  in  /12-16/  (programs  for  computation  of 
typical  points),  programs  for  the  solution  of  typical  problems  (Cauchy, 
Goursat,  mixed  problem,  etc.)  are  also  available  at  the  Computational 
Center. 

The  experience  gained  in  the  solution  of  particular  problems  showed  that 
the  application  of  the  library  of  standard  subroutines  shortens  the  time 
required  for  compilation  and  debugging  of  programs. 

All  of  the  preceding  works  employ  a  cylindrical  system  of  coordinates. 
The  unknown  functions  in  /12, 13/  are  the  Mach  angle  a  and  the  velocity 
argument  6  (in  /13/,  also  the  entropy  s).  In  /14/  more  convenient 

variables  are  used,  as  proposed  by  Elers'f=*:  C— tgQ  and  p  =  1/  in  /15/ 

the  unknown  variables  are  the  density  p  and  and  in  /16/  S,  M,  pressure 
p  and  concentrations  a,-  (i<  32). 

In  conclusion  of  this  section  we  offer  some  remarks  of  a  general  nature. 


*  See  Zhogolev,  E.A.  Sistema  programmirovaniya  s  ispol’ zovaniem  biblioteki  podprogramm 
(A  Programming  System  with  Utilization  of  a  Subroutine  Library),—  In:  "Sistema  avtomatizatsii 
programmirovaniya",  N.  P.  Trifonov  and  M. R.  Shura- Bura,  editors.  Fizmatgiz,  Moskva.  1961. 

*+  See  Elers,  F.E,  Method  of  Characteristics  for  Isoenergetic  Supersonic  Flows  Adapted  for  High-Speed 
Digital  Computers.  [Russian  translation.  I960,] 
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1°.  To  estimate  the  accuracy  of  the  numerical  solution,  integral 
control  is  generaUy  employed,  i.e.,  the  laws  of  conservation  are  checked. 
When  solving  problems  of  this  particular  class,  it  is  most  convenient  to 
check  the  law  of  mass  conservation.  In  computations  using  the  method  of 
characteristics,  the  flow  rate  ^  is  determined  at  every  grid  point.  The 
flow  rate  along  any  streamline  is  conserved.  Therefore,  if  the  flow  rate 
is  known  for  some  streamline,  the  (relative)  deviation  from  this  value  at 
other  points  of  the  given  streamline  obtained  in  the  computational  procedure 
serves  as  an  integral  check  of  the  accuracy  of  the  numerical  solution. 

Flow -rate  control  is  used  to  some  extent  in  the  solution  of  all  problems. 
Often  the  law  of  conservation  of  momentum  is  also  checked.  This 
momentum  control  is  applied,  for  example,  when  computing  nozzles  with 
uniform  outlet  flow  and  plane  transitional  surface  /I  — 7/.  In  this  case, 
the  momenta  at  the  outlet  and  the  inlet  of  the  nozzle  are  easy  to  compute; 
the  difference  in  the  momenta  should  be  equal  to  the  projection  on  the 
x-axis  of  the  pressure  forces  acting  on  the  nozzle  contour.  An  accuracy 
check  on  the  computations  is  the  difference  between  these  values  divided 
by  the  momentum  at  nozzle  outlet. 

Besides  these  control  procedures,  it  is  also  advisable  to  compare  the 
results  obtained  with  different  grid  spacings.  This,  however,  is  generally 
practiced  for  one  or  two  variations  of  the  problem,  mainly  with  the 
purpose  of  choosing  the  optimum  characteristic  grid  spacing,  while  the 
production  computations  are  controlled  using  flow  rates  or  momenta. 

2°.  The  unknown  quantities  are  determined  at  characteristic  grid  points 
with  an  accuracy  of  second  order  with  respect  to  the  grid  spacing. 
Correspondingly,  all  the  interpolative  and  quadrature  formulas  used  in 
computations  are  also  of  second  order  accuracy. 

Some  data  on  the  accuracy  of  computations,  the  machine  time  required 
for  the  computation  of  one  variation  of  a  typical  problem,  etc. ,  will  be 
given  for  a  particular  case  of  work  /2/  (see  section  1),  When  computing 
the  fan  of  rarefaction  waves  (region  0>4C,  Figure  2),  the  computations  are 
made  along  2nd-family  characteristics  Issuing  from  the  angular  point  A, 

The  intervals  of  the  flow  spreading  angle  at  point  A  and  the  position  of 
points  on  the  2nd -family  characteristics  are  chosen  so  as  to  maintain  a 
uniform  net  (far  from  point /I).  The  rarefaction  of  the  points  on  the  2nd- 
family  characteristic  is  made  with  an  allowance  for  the  variation  of  the 
various  functions  along  it.  The  flow  rate  is  computed  along  every 
characteristic.  The  difference  from  zero  of  the  flow  rate  at  the  point  of 
intersection  of  the  characteristic  with  the  axis,  divided  by  the  flow  rate  at 
point  A,  is  used  to  check  the  computational  accuracy.  When  computing  the 
region  ABC,  the  flow  rate  is  used  to  determine  the  nozzle  contour  and 
therefore  cannot  be  used  for  control  purposes.  To  check  the  computations 
by  means  of  conservation  of  momentum,  we  compute  the  projection  of 
pressure  forces  along  the  nozzle  contour  on  the  a;- axis.  Here  are  some 
figures  describing  the  computation  of  a  certain  variation  (M  =  10)  on  the 
electronic  computer  of  the  Computational  Center,  The  number  of  points. 

30  on  the  sonic  characteristic,  160  on  the  boundary  characteristic  ACof 
the  fan;  number  of  characteristics  in  region  OAC,  200;  number  of  points 
on  characteristic  CB,  120.  Computer  time  for  computation  of  region  OAC 
30  minutes;  flow-rate  accuracy,  0.01%.  Computer  time  for  region  ACB, 

20  minutes;  momentum  accuracy,  0.01%. 
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In  the  region  OABCbs  well  as  the  contour  AB  several  intermediate 
streamlines  have  been  computed.  Along  these  lines  the  forces  of  pressure, 
areas  of  the  surfaces  of  revolution,  and  some  quantities  essential  for 
talking  friction  into  consideration  were  computed.  The  results  along 
streamlines  are  tabulated  at  intervals  suitable  for  quadratic  interpolation. 


II.  INVESTIGATION  OF  SUPERSONIC  FLOW  PAST  BODIES 
WITH  SEPARATED  SHOCK  WAVE 

All  the  present  methods  for  the  computation  of  supersonic  flow  past 
bodies  with  separated  shock  wave  for  the  construction  of  algorithms  and 
successive  approximations  are  based  in  a  varying  degree  on  the  solution  of 
the  Cauchy  problem  in  an  elliptic  domain.  This  is  due  to  the  relative 
simplicity  of  the  ensuing  numerical  methods.  It  has  been  demonstrated 
that  for  linear  elliptic  equations  the  Cauchy  problem  is  proper,  provided 
some  a  priori  restrictions  are  imposed  on  the  class  of  solutions  being 
considered ’f'. 

L.  A.  Chudov  /17/  studied  some  problems  connected  with  the  application 
of  difference  schemes  to  the  solution  of  the  Cauchy  problem  for  Laplace’s 
equation,  which  is  used  as  the  model  problem  in  gas  dynamics.  Stability 
has  been  demonstrated  for  one  important  class  of  explicit  schemes,  and 
convergence  of  the  approximate  solution  to  the  exact  solution  has  been 
proved. 

Studies  in  this  direction  are  being  continued  by  L.  A.  Chudov  and 
V.  P.  Kudryavtsev  /18/.  Using  model  examples,  they  obtained  estimates  of 
truncation  and  round-off  errors  and  extended  the  results  to  a  certain  gas- 
dynamic  system  (taking  dissociation  into  consideration).  Let  I  and  h  be  the 
intervals  along  the  initial  line  and  along  the  normal  to  it,  respectively. 

It  follows  from  the  analysis  of  /17, 18/  that  it  is  advisable  to  employ 
difference  schemes  of  a  high  order  of  accuracy  in  I,  so  that  I  can  be  made 
relatively  large,  h  may  be  reduced  in  a  certain  sense.  For  the  limit,  as 
h  ^0,  we  obtain  the  method  of  lines  for  the  solution  of  partial  differential 
equations. 

G.  F.Telenin  and  G.P.Tinyakov  /19/  computed  the  subsonic  and  the 
transsonic  regions  beyond  a  shock  wave  for  supersonic  flow  past  blunt 
bodies  whose  generatrix  has  no  angular  points  in  this  region.  The  method 
used  is  essentially  the  method  of  lines,  adapted  to  the  case  when  only  a  few 
strips  need  be  taken.  Systematic  computations  were  made  for  flow  past 
a  sphere  for  Mach  numbers  of  incident  flow  Afj—  2  (1)  8,  lO.oo,  and  a  ratio  of 
specific  heats  y-  1.405.  The  problem  was  reduced  to  integration  of  a 
system  of  ordinary  differential  equations  along  three  radial  rays  from  the 
compression  shock  to  the  surface  of  the  body.  The  generatrix  of  the 
compression  shock  was  approximated  by  an  even  fourth-degree  polynomial. 
The  position  of  the  shock  on  the  three  rays  gave  three  free  parameters, 
which  were  chosen  so  that  the  boundary  conditions  on  the  surface  of  the 
sphere  were  satisfied  for  the  three  rays  simultaneously.  The  integration 

*  See,  for  example,  Lavrent’ev.  M. M.  — Izvestiya  AN  SSSR,  seriya  matematicheskaya,  Vol.20,  No.  6.  1956; 
DAN  SSSR,  Vol.  112,  No.  2.  1957;  also  Pucci,  C.  -  Rend.  Acad.  Naz.  Lincei,  Cl.  Sci.  Fis.  Mat. , 
Ser.VIII,Vol.l8,  No.  5.  1955. 


7 


path  chosen  enabled  the  singularities  arising  with  the  Dorodnitsyn- 
Belotserkovskii  method*  to  be  avoided;  this  simplified  the  computational 
procedure  and  the  program. 

The  three  free  parameters  were  automatically  selected  by  the  computer. 
The  computations  were  made  on  the  STRELA  computer;  machine  time  for 
one  variation  was  on  the  average  1  minute.  The  integrals  of  the  gas- 
dynamics  equations  not  employed  in  actual  computations  and  also  the 
integral  law  of  mass  conservation,  written  for  mass  flow  through  the 
rays,  were  used  to  estimate  the  accuracy  of  the  numerical  solution.  For 
the  variations  computed,  the  error  in  all  the  relationships  used  was  less 
than  0.15%,  which  corresponds  to  the  approximation  accuracy  of  the 
partial  differential  equations  in  the  program.  The  effect  of  ray  position 
and  the  growth  of  error  owing  to  distortion  of  the  shock  along  the  ray 
were  studied  (no  essential  growth  of  the  error  was  observed).  Figure  9 
shows,  as  an  example,  the  computed  dependence  of  the  separation  of  the 
shock  wave  on  the  number  Mi. 

G.  F.  Telenin  and  G.  P.  Tinyakov  /20,  21  j  computed  and  investigated  the 
flow  in  subsonic  and  transsonic  regions  beyond  a  shock  wave  for  supersonic 
flow  past  a  sphere  immersed  in  an  equilibrium  stream  of  air  and  carbon 
dioxide.  The  thermodynamic  functions  were  approximated  with  the 
formulas  of  A.  N.  Kraiko  (for  air)  and  V.  V.  Mikhailov  (for  COg),  which  in 
the  entire  range  of  p  and  T  ensure  accuracies  of  2  %  and  1  %  respectively. 
The  method  presented  in  /19/  was  employed.  Systematic  computations 
of  the  flow  past  the  sphere  were  made  for  a  wide  range  of  Mach  numbers, 
temperature,  and  pressure  of  the  incident  flow:  Mi  =4  —  50,  7i  =  250  —  1500  °K, 
Pi-10-5-1  atm  for  air  and  Mi=2 -35,  7’,=250-500  °K, atm  for 
carbon  dioxide. 

It  was  shown  that  when  physicochemical  reactions  in  the  gas  are  taken 
into  consideration,  the  separation  of  the  shock  wave  and  the  entire 
geometric  pattern  of  flow  varies  nonmonotonic  ally  as  Mi  increases;  the 
flow  pattern  depends  little  on  pi  and  substantially  more  on  7,;  the  main 
parameter  shaping  the  flow  in  the  subsonic  and  the  transsonic  regions  is 
the  density  increment  in  the  direct  shock.  As  an  example.  Figure  9  shows 
the  separation  of  the  shock  wave  as  a  function  of  in  air  for  different 
values  of  pi  and  Ti 

G.  F.  Telenin  and  S.  M.  Gilinskii  /22/  investigated  the  applicability  of 
the  scheme  described  in  /19/  to  computation  of  flow  past  ellipsoids,  and 
also  to  computation  of  low  supersonic  flow  past  a  sphere. 

G.  S.  Roslyakov  and  L.  A.  Chudov  /23/  propose  the  method  of  steadying 
for  the  solution  of  the  problem  of  flow  past  a  blunt  body.  Applying  the 
difference  method  they  find  the  numerical  stationary  solution  for  the 
corresponding  nonstationary  problem  (starting  with  arbitrary  initial  data). 

The  steadying  of  the  solution  is  achieved  by  a  special  choice  of 
difference  ("viscous”)  schemes,  and  also  by  dissipation  of  energy  on  the 
shock  wave. 

The  problem  is  solved  in  coordinates  which  reduce  the  domain  of 
integration  to  a  time-independent  rectangle.  The  shock  wave  coincides 
with  the  coordinate  line  and  serves  as  part  of  the  boundary  of  the  domain. 

The  numerical  procedure  is  divided  into  two  stages.  In  the  first  stage, 
using  Lacks’  scheme,  which  possesses  considerable  "viscosity",  a  "rough" 


*  See  Belotserkovskii,  O.M.  —  Vychisliternaya  matematika,  No.  3.  1958;  also  PMM,  Vol.  24,  No.  3, 1960. 
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solution  is  computed.  The  application  of  the  "viscous”  scheme  enables  the 
computation  to  proceed  from  arbitrary  (discontinuous)  initial  data  (with 
arbitrary  initial  form  of  the  shock  wave).  The  shock  waves  arising  inside 
the  integration  domain  are  smeared  by  "viscosity"  and  rapidly  decay. 


P,  atm  T,  ‘K 


FIGURE  9 


In  the  second  stage  the  solution  is  rendered  more  accurate.  Two-layer 
explicit  difference  schemes  of  second  order  accuracy  are  used.  The 
second  order  of  accuracy  (and  also  stability)  are  achieved  by  introducing 
"half- integer"  temporal  layers,  where  the  solution  is  obtained  with  Lacks* 
scheme  and  subsequent  application  of  the  "cross"  scheme. 
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In  systematic  computations  the  first  stage  of  the  procedure  may  be 
omitted.  Given  a  solution  for  a  body  of  some  known  shape  and  for  a 
certain  Mach  number  M  of  the  incident  flow,  we  may  apply  the  scheme  of 
second  order  of  accuracy  to  find  solutions  for  other  values  of  M. 

LG.  Belukhina  /24/  considered  various  difference  schemes  for  the 
solution  by  the  method  of  steadying  (presented  in  /23/)  of  the  one- 
dimensional  problem  modelling  the  flow  past  a  blunt  body.  The  model 
problem  was  obtained  from  gas -dynamic  equations  (in  spherical 
coordinates)  by  replacing  the  transverse  velocity  component  and  all  the 
lateral  derivatives  along  one  of  the  rays  with  the  corresponding  values  from 
a  known  solution.  The  effect  of  various  factors  on  the  rate  of  steadying 
of  the  solution  was  studied. 

As  an  example.  Figure  10  illustrates  the  process  of  steadying  (in  the 
first  stage  of  the  procedure)  of  pressure  along  the  axis  of  symmetry. 
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L.  i4 .  Chudov  and  V,  P.  Kudryavtsev 


ROUND'OFF  ERRORS  IN  DIFFERENCE  SOLUTIONS  OF 
BOUNDARY-VALUE  PROBLEMS  FOR  ELLIPTIC 
EQUATIONS  AND  SYSTEMS 

§  1.  Introduction 

The  calculation  of  ideal  compressible  gas  flow  past  a  blunt  body  by  the 
so-called  inverse  method  leads  to  a  Cauchy  problem  for  a  nonlinear  system 
of  equations,  which  is  elliptic  in  the  subsonic  range  /!/.  It  is  well  known 
that  the  Cauchy  problem  for  elliptic  equations  and  systems  of  equations 
is  "improper"  in  the  sense  that  small  perturbations  in  the  initial  conditions 
lead  to  large  disturbances  in  the  solution  /2/.  Since  both  truncation  and 
round-off  errors  are  inevitable  in  numerical  solutions,  the  application  of 
numerical  methods  to  these  improper  problems  should  involve  large 
practical  difficulties. 

Difference  methods  have  been  successfully  applied  in  some  recent 
works  /I,  3, 4,  5/  to  the  solution  of  flow  past  a  blunt  body.  Some  of  the 
difference  methods  were  empirically  proved  unsuitable  for  this  object, 
while  other  schemes  yielded  solutions  whose  accuracy  is  sufficient  for  all 
practical  purposes. 

A  characteristic  feature  of  the  difference  method  used  in  the  solution  of 
these  problems,  as  we  see  from  the  works  cited,  is  the  exceedingly  rapid 
accumulation  of  round-off  errors  as  the  grid  spacing  is  reduced.  Clearly, 
only  such  grid  spacings  which  give  a  round-off  error  not  substantially 
greater  than  the  truncation  error  should  be  used. 

A  correct  evaluation  of  these  errors  is  much  more  significant  in  the  case 
of  improper  problems  than  in  proper  ones.  The  choice  of  difference 
schemes  and  the  determination  of  lattice  parameters  for  proper  problems 
is  now  generally  made  by  applying  the  theory  of  difference  schemes  to 
suitable  model  problems  /6,  7/.  This  theory,  however,  does  not  apply  to 
improper  problems  in  its  present  form.  To  successfully  apply  difference 
schemes  to  more  complex  problems  of  gas  dynamics  (e.  g. ,  in  inverse 
method  of  calculation  of  supersonic  flow  past  a  blunt  body  with  separated 
shock  wave  allowing  for  physicochemical  nonequilibrium  of  the  gas  /4/), 
we  must  at  leaist  devise  some  simple  model  to  prove  the  convergence  of 
the  approximate  solutions  to  the  exact  figure  and  to  estimate  the  truncation 
and  the  round-off  errors. 

In  /8/  the  convergence  of  the  difference  method  is  discussed  in  its 
application  to  a  certain  model  bound  ary -value  problem  for  the  Laplace 
equation.  The  study  is  based  on  the  concept  of  properness  in  the  sense 
of  A.  N.  Tikhonov  (uniqueness  of  solution  and  its  continuity  as  a  function  of 


the  boundary  values  under  a  suitable  a  priori  restriction  of  the  class  of 
solutions  considered  /9, 10/).  This  concept  was  found  useful  in  defining 
a  stable  difference  scheme  for  the  model  problem  in  question  and  in  proving 
the  convergence  of  approximate  solutions  to  the  exact  solution  for  stable 
approximating  difference  schemes. 

In  the  present  article  we  investigate  some  problems  bearing  on  the 
evaluation  of  round-off  errors  and  rational  choice  of  grid  spacing  for  one 
important  class  of  difference  schemes.  The  theoretical  analysis  is  given 
for  the  model  problem  discussed  in  /8/.  Linearization  and  freezing  of 
coefficients  yield  tentative  estimates  of  round-off  errors  for  one  problem 
of  gas  dynamics  (see  /4/). 


§  2.  The  Model  Problem.  Stability  and  Convergence  of 
Difference  Schemes 

Consider  a  boundary-value  problem  for  a  Cauchy -Riemann  system  of 
equations,  i.  e.  ,the  simplest  elliptic  system 


da  ,  dv  _  du  ^ 

(1) 

dy  dx  '  dy  dx  ' 

«(0,  i/)  =  u(7c,  f/)  =  0;  1 

VxiO,  y)  =  v^{Tz,y):=0;  j 

(2) 

u  {x,  0)  =  <p  (;c);  1 

V  (a:,  0)  =  ^  (a;).  ) 

(3) 

Suppose  that  in  the  domain  0<x<n,  0<y^  Y  this  problem  has  a  solution 
which  satisfies  the  condition 

ju^x,y)dx<M\  (0<r/<K).  (4) 

0 

This  assumption  will  be  called  the  basic  a  priori  proposition.  Using  the 
Fourier  method,  we  obtain  the  solution  of  boundary-value  problem  (1),  (2),  (3) 
in  the  form 


« {x.  y)  =  vTS  sin  +  ^  sin  kx, 

k^i 

v{x,  y)=^  ni.  sin  kx  +  sin  kx, 

*-i 


(5) 


where  =  a*,  d,^  =  k=  2,.. . 

In  all  that  follows  we  shall  take  6*  =  0,d,i  =  0,  i.  e.  ,  drop  the  second  sum 
in  the  right-hand  sides  of  the  above  equalities.  Because  of  this  proposition, 
(f{x)  and  ^(x)  can  no  longer  be  defined  independently  of  each  other.  When 
studying  the  properness  of  bound  ary -value  problem  (1),(2),  (3),  we  shall 
take  the  equality 

u{x,  0)  =  9(Ar) 
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as  an  independent  initial  condition  and  will  seek  the  dependence  of  u(x,y) 
on  (p(x).  The  second  function  v(x,y)  will  thus  only  play  an  auxiliary  role. 

It  is  easily  seen  that  with  =  0,  d;,  =  0,  we  have  v  =  Tu,  where  7  is  an 
operator,  isometric  in  L2(0,ji),  transforming  the  system  of  functions 
{k=^  1,2,...)  into  {  cos  Ax},  (A  =1,2,...). 

For  future  reference  we  give  here  some  results  from  /8/. 

Theorem  i.  Boundary -value  problem  (1),  (2)^  (3)  is  proper  in  the 
sense  of  Tikhonov  under  a  priori  proposition  (4).  The  continuous  dependence 
of  the  solution  u(x,y)  on  the  initial  function  <p(x)  =  u{x,0)  follows  from  the 
estimate 


J*f«i {x,  y)~u^{x,y)fdx< 

0 

<  (4M«)'^  (| («i  (X,  Q)-u,(x,  (6) 

Estimate  (6)  is  exact.  It  follows  from  this  estimate  that  the  operator 
transforming  w(x, 0)  into  u{x,y)does  not  constitute  a  continuous  linear 
transformation,  if  the  two  functions  u(x,0)  and  u(x,y)  are  regarded  as 
elements  of  the  space  Lz{0,n),  Applying  the  a  priori  estimate  (4)  we  may 
derive  a  stronger  norm  for  the  initial  values: 


ii<i>ii«= (7) 


Then,  taking 


|w(i=  sup 

0<y<Y 


VJ" 


(x.y)  dx. 


(8) 


we  obtain  from  (5)  an  estimate  which  is  uniform  in  the  norms  and  does  not 
contain  explicitly  the  a  priori  propositions: 


To  evaluate  the  effectiveness  of  difference  schemes  and  the  influence 
of  errors  in  the  determination  of  initial  values  and  of  round-off  errors,  we 
should  know  to  what  degree  a  solution  of  problem  (1),  (2),  (3)  satisfying  the 
basic  a  priori  proposition  (4)  is  specified  by  the  approximate  initial  values 
u{x,0)  =(f  (x)  on  the  grid 


x  =  x^^mh;  m  =  1,  2, ^  —  1;  ^  ■ 


(9) 


We  shall  only  be  interested  in  the  values  of  u(x,y)  on  the  rectilinear  grid 
(9)  for  0<y<Y,  and  we  therefore  introduce  a  suitable  grid  norm 
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lu{y)lH  = 


Theorem  2,  Let  u(x,y)  be  a  solution  of  problem  (1)^  (2),  (3)  satisfying 
the  a  priori  proposition  (4)  and  meeting  the  additional  requirement 
=0,  Construct  the  function 


u{x,y)^  a^e*>ysxnkx, 

k~\ 

where  the  coefficients  a*  are  obtained  from  the  conditions 


0)  =  u(;f„,  0)-|-Y«,  {'”=  1.  2,  1) 

are  the  initial-value  errors). 

Then 


where 


g-(//+ih 


m—  1 


(10) 


We  now  proceed  with  the  discussion  of  the  results  which  have  bearing 
on  the  stability  and  convergence  of  difference  schemes.  We  shall  only 
consider  two -layer  schemes.  The  grid  is  assumed  rectangular  with 
constant  spacings  Ajc  —  h.  Ay  =  t,  where  x  —  x(h)  and  x(h)  0  as  h  0. 

For  two-layer  difference  schemes,  we  define  a  norm  of  initial  values  by 
analogy  with  ( 7) : 


where  <5*  are  the  coefficients  in  the  expansion  of  the  function  cp„,  ^  q?  (mh) 
defined  on  the  grid  in  terms  of  the  orthonormal  grid  functions 

sin kmh\  ,  {k=\,2y,..,N — 1). 


D  efinition .  A  two-layer  difference  scheme  is  said  to  be  stable  in 
initial  values  if  for  0<y<  y  and  0</i</io  we  have 

IW(!/)IU<K||(p|U.  (11) 

where  K  is  a  constant  independent  of  h. 
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For  difference  schemes  having  a  solution  of  the  form 


=  u  {mh,  n^)  =  s"(/i;  h)  sin  kmh, 
=  v{mh,  /it:)  =  s"  {k\  h)  cos  kmh. 


(12) 


we  have  directly  from  (11)  the  necessary  condition  of  stability  in  initial 
I  s”  {k\  h)  I  <  Ke^^\  0  <  /zt  <  y. 


The  inequality 


(13) 


will  be  called  the  strong  condition  of  stability  in  initial  values.  The 
stability  of  several  difference  schemes  is  investigated  in  /8/. 

Theorem  3,  Let  a  two-layer  difference  scheme,  for  any  integral 
=  JL  ^  have  a  system  of  solutions  of  the  form  (12)  with  k=  1,2, ...,  N  1, 

and  let  the  strong  condition  of  stability  (13)  be  additionally  satisfied,*  We 
further  assume  that  the  following  condition  of  consistence  is  satisfied: 
for  A  0 


k{k-,h)^  —  \ns{k\  h)-^k 

X 

miiformly  in  every  finite  interval 

0  k  kn. 


(14) 


Then  an  approximate  solution  Uf^  converges  to  the  exact  solution  u(x,y) 
and  the  following  estimate  applies: 


II (y)  -  « (»)  I  ft  <  Af,  (h)  sup  1 1  -  +  M  • 


where 

—  ya^e2*^andAfi(/i)-^M  for 

k^\ 

moreover,  M,(h)  is  uniformly  bounded  on  the  class  of  solutions  satisfying 
the  basic  inequality  (4)* 


§  3 .  Many-Point  Schemes 

Inequality  (10),  which  is  the  heart  of  the  theorem,  indicates  the 
expediency  of  using  schemes  with  a  high  order  of  accuracy  relative  to  h. 
Indeed,  two  conclusions  can  be  drawn  from  (10).  First,  setting  y  =  0 
we  conclude  that  if  the  exact  initial  values  u(x,0)  are  known  on  grid  (9), 
the  function  u(x,y)  is  determined  on  this  grid  with  exponential  accuracy. 
The  initial  values  thus  carry  a  very  large  information  content  as  regard 
the  function  u(x,y),  which  should  be  utilized  as  thoroughly  as  possible  in 
the  construction  of  the  difference  scheme.  Second,  the  form  of  the 
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second  term  in  the  right-hand  side  of  (10)  indicates  that  to  reduce  the  effect 
of  round-off  and  other  analogous  errors  we  should  use  grids  with  as  large  a 
spacing  as  is  feasible.  The  so-called  many-point  schemes  meet  these 
requirements,  A  simplest  scheme  of  this  type  has  the  form 


Expressing  in  terms  of  we  obtain  the  coefficients  a^PK  The  table 
on  the  next  page  lists  values  of  a^p'>  for  some  schemes 

a(p)  ^  _  Q{p)  and  ajf’  =  0. 

~q  q  0 

We  now  investigate  the  stability  of  scheme  (15).  Let 

m  f  m+l  f  m'  V/  m  f  m  f  m— 1* 
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Scheme 
index  p 

Symbolic 

notation 

Coefficients 

Truncation 

error 

af 

4« 

«?> 

«(<» 

1 

* 

*** 

1 

2 

- 

_ 

- 

- 

0(T)  +  0(/t*) 

2 

* 

2 

3 

1 

"  12 

- 

- 

- 

0(t)  +  0(/i4) 

3 

* 

t****** 

3 

4 

3 

“20 

1 

60 

- 

- 

OW  +  OW 

4 

*  1 

4 

5 

I 

“  5 

4 

105 

1 

“280 

” 

0(T)  +  0(/l») 

5 

* 

*»**«***«** 

5 

6 

5 

”21 

5 

84 

5 

”504 

1260 

0(T)  +  0(/tW) 

It  is  easily  seen  that  the  following  equalities  apply: 

fl'  ^  (VA)"/o. 

/r+'=-f  (A+v)^^ 

Formula  (17)  can  thus  be  written  in  the  following  operational  notation: 


hf  (A  +  V)  [i  — Ir  +  ••  • + 

+  (-  1)«- '  (AV)^'  + . . .  + 

+  (-  ly-'  (AV)'’-‘  ]/„  =  Lu,)f„. 


To  investigate  the  stability  of  scheme  (15),  we  write  it  in  complex  form, 
setting  f  =  u-}-  iv: 


/A+' 


(We  return  to  our  ordinary  notation:  =  f{mh,  m. )  Let  fl^  =  Is  {k,  h)Ye 

It  is  easily  seen  that 


_L  V)  ^  _  I  sin  kh 
(AV)  =  —  2  (1  —  cos  Aj/i) 

(AV)^“’e~‘*'"^  =  ( —  2)^“'  (1  —  cosM)^-'  g-ikmh 


Hence,  setting  s  (^,  A)  =  s^,  we  have 


<7=1 


=.,  +  ^sin*ft|;'^^(l-cosAA)«. 


fl-0 
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Clearly 


Sp  Sgo 


1  + 


[(<y-l)!p 

(2«?-l)l 


(1  —coskhy-K 


Let  us  study  in  more  detail  the  expression 


// =  sin  a  ^ ( 1  —  cos  a)?,  where  a  =  kh. 


Substituting  jc  =  sin-^,  we  obtain  from  (18) 


(18) 


H^2xVi—x^  2 


q] 

(29  +  1)!!  ‘ 


It  is  known  (see  /12/;  appendix  to  Chapter  8,  §5)  that  the  series 

{2.q-\-  1)!! 

<7=0 

converges  for  |;cl<  1  (this  follows  directly  from  D’Alembert^s  criterion), 
its  sum  being 

(1— a:*)  2  arc  sin  X 


Therefore  // =  2  arcsin  jc.  This  signifies  that  5^.  =  1  +  t^  and,  consequently. 


s«  =  s^/^<(l  +  TA;)^<e*i'. 

This  proves  inequality  (13). 

Proceeding  from  these  results  we  can  easily  calculate  a  simple  implicit 
scheme,  obtained  from  scheme  (15): 


—  t/L 


=  _  J-  V  =  j-  V  ; 

X  h  Zj  0  T  h  Zj  ^ 

qw-p  q-^—p 

P  P 

■— - f  V  +  V  1 ; 

2h  1 

q^—p  q - p 


V+'— u" 

“m  m 


l/»+‘  —  t/* 


(19) 


We  shall  prove  that  inequality  (13)  applies  in  this  case,  too.  Indeed, 
for  the  implicit  scheme  (19) 


<7-1 


2^-1  [(<y-l)!p 
(29-1)! 


Sp~  1  +~sinM^  ^  ^  —coskhY~^  + 


+ -L  ^  ry  (1  -  cosA/.).->i‘ 

2  A«  [ill  (25-1)!  J 

<7-1 
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According  to  the  preceding  5^  <s«  =  1  +  At  +  —  AM,  and  since  the 
inequality 

is  satisfied  simultaneously  with 

1  +  + 

the  validity  of  the  last  inequality  proves  the  strong  condition  of  stability 
in  initial  values  (13)  if  we  set  K  =  1. 


§  4.  Choosing  the  Grid  Spacing  with  an  Allowance  for 
Round-Off  Errors 


In  this  section  we  shall  derive  comparative  estimates  of  truncation  and 
round-off  errors  for  two  difference  schemes. 

According  to  Theorem  3,  the  main  part  of  the  truncation  error  is  equal 
in  order  of  magnitude  to 

M  max  e-*’*  1 1  —  1. 

k  ' 

Taking  the  ratio  of  this  error  to  the  maximum  value  of  \\u(y)\\h,  whose 
order  of  magnitude  is  M,  we  obtain  an  estimate  of  the  relative  truncation 
error  _ 

R  ==  max  |  1  —  e-ik~k)i/ 1 

k 

We  shall  now  estimate  R  for  scheme  (15)  with  p  =  1.  We  first  set  x  =  0. 

Then  A  =  ■  and  consequently  A  — A  >0.  Further 

h 

1  _ =  (ft  _ A) y  _  ^ , 

Suppose  that  at  point  A,  where  is  maximized,  (A  — A)p<2.  Applying 
Leibnitz’s  theorem  on  alternating  decreasing  series  we  obtain 


We  further  have 


R<{k  —  A)  ye~^. 


fi~k 


sin  kh 


=  _L  f 
A  L  3! 


Let  <  20;  from  Leibnitz '  s  theorem  A  —  A  <  — —  and  /?  <  ^3  =  g-**)  y, 

6  6 

^  3 

Rz  is  maximized  at  A  =  — ,  so  that 

R<h<-^e-’-^  ■  (20) 

2  Tj’ 

We  now  estimate  the  errors  due  to  inaccuracies  in  initial  values  (round-off 
errors  or  errors  of  measurements).  All  calculations  will  be  assumed  to 
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be  made  without  rounding  off.  Let  6o  be  the  root -mean -square  norm  of 
the  initial  error  divided  by  M,  Then  the  relative  error  ^(yM)  due  to  this 
initial  error  is  estimated  as 


max  e  ^  ^  . 

k 

For  a  given  y,  the  optimal  grid  spacing  h  ensures  that  the  truncation  error 
and  the  error  6(y,  h)  both  have  the  same  order  of  magnitude.  This  choice 
of  optimal  spacing  gives  the  maximum  accuracy  attainable  with  the 
particular  scheme  in  question  for  a  given  6o. 

Let  us  consider  a  particular  example.  Suppose  that  the  Initial  error 
6o  =  10“®;  it  is  stiputated  that  the  relative  error  produced  by  this 
inaccuracy  should  not  exceed  e  —  10~^.  Hence 

e  <  10®  and  —  •<  6  In  10  13.8. 

h 

Taking  the  truncation  error  from  (20),  we  obtain 

— (21) 

2  (13.8)®  yf 

Setting  we  have  ^  -  (1  — Y,  and  then  from  (21) 


-  e®  (1 3.8)2 10-®;:^;  2.042. 


Hence 


d  0.67  and  h 


This  result  can  be  summed  up  as  follows.  When  using  scheme  (15)  with 
p  =  1  and  a  sufficiently  small  t,  a  relative  error  of  the  order  of  10“^  for 
=  10-8  can  be  obtained  only  up  to  «*=  0.67;  correspondingly, 

We  now  consider  scheme  (15)  with  p  =  2.  For  this  scheme 

Sj  =  \  -\-c  sin  kk - -  sin  2kh^  , 

k=  —Inj^l  4-c^~sin/?/i - 


With  T  =  0  we  have 


—  sin  kh - -  sin  2  kk\. 


Estimating  R&s  we  have  done  before,  we  find  that,  for  k'^h^<42: 


R<n,  =  e-^^y<^e-^-^y. 
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The  maximum  growth  of  the  initial  error  is 

max  exp  ~  dxikh —  sin  2kh  ^  =5:; exp  1 .372222  . 

k  h  \  3  6  j  ^  h 

Equating  6(y^h)  with /?s  for  6o  =  10“®,  e  =  ^0  obtain,  after  simple 

calculations.  ^  =  0.73,  k  =  —•  With  this  scheme  the  required  accuracy 

(e  ~  10-2)  can  thus  be  obtained  for  higher  values  of  ^  than  in  scheme  (15) 
with  p  ~  U  the  corresponding  jc-interval  is  about  1.5  times  as  large  as  in 
scheme  (15)  with  p  =  1.  This  example  hints  at  the  advantages  of  the  high- 
precision  schemes  discussed  in  §  3. 

For  these  schemes  we  have  calculated  the  quantity 

as  the  estimate  of  the  relative  truncation  error  for  different  y.  The  results 
of  calculations  given  in  the  Appendix  confirm  the  validity  of  the  assumption 
made  in  the  derivation  of  estimates  (20)  and  (22)  and  enable  the  conclusion 
to  be  made  that  these  estimates  are  fairly  accurate  for  the  values  of  h 
in  question  and  for  y  (the  maximum  permissible  values  of  ^  are  given 
above). 

Let  us  briefly  consider  the  problem  with  t  =  c<  1.  For  scheme 

h 

(15)  withp  =  Iwe  have,  provided(A!  —  F)i/  and  kh  are  sufficiently  small. 


1  —  (k  —  n)y  =  y^k - - In ( 1  -|- c sin kh)'^  < 


^  ,  sin  ,  c  sin*  kh  \  ^  f  kh  .  , 


Thus 


We  shall  not  attempt  to  derive  an  accurate  estimate  of^3(c).  Instead  we  shall 

determine  c  from  the  condition  that  at  the  point  of  maximum  S3  (see 

kh  3 

derivation  of  estimate  (20))  c  ~  — .  Then,  for  the  given  frequency  ^  =  — , 

both  T  and  h  take  equal  parts  in  the  truncation  error.  We  find  c  =  ^. 

For  the  preceding  case(e  —  10“*,  80  =  10“®)  we  have  Then  *c~-^ 

and  the  number  of  layers  for  ft  =0.67  Y  will  be  of  the  order  of  100. 

The  error  of  scheme  (15)  with  other  values  of  p  can  be  estimated 
analogously.  When  choosing  the  spacing  h,  the  following  table  of 
and  ain«cwill  be  useful;  in  this  table 


flf-l 


i2q~.l)\ 


(1 


=  max  2  ^  sin  aq. 


cosa)^-'  = 


and  a  max  is  the  value  of  o  at  which  maximum  is  reached. 
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Difference 

scheme 

index 

fiP) 

'max 

“max 

I 

t: 

T 

2 

1,372222 

1.797477 

3 

1.585978 

1 .936074 

4 

1 .730598 

2.033371 

5 

1.837438 

2.107086 

6 

1.920846 

2.165720 

7 

1 .988481 

2.213967 

8 

2.044869 

2.254671 

In  the  preceding  examples,  neglecting  the  round-off  errors,  we  could 
have  two  correct  significant  figures  only.  The  growth  of  round-off  errors 
in  these  many-layered  cases  may  result  in  a  situation  where  the  approximate 
solution  will  not  contain  a  single  correct  significant  figure.  Hence  the 
advisability  of  employing  schemes  with  truncation  error  0{x^)  is  clear. 

For  the  particular  purposes  of  equations  of  gas  dynamics,  which  are  all 
highly  complex,  it  is  best  to  use  implicit  schemes. 


§  5,  Estimating  Grid  Spacing  for  a  Certain  Problem 
of  Gas  Dynamics 

Let  us  consider  the  problem  of  supersonic  flow  past  a  blunt  axisymmetric 
body  making  due  allowance  for  physicochemical  nonequilibrium  of  the  gas. 

The  inverse  method  for  the  solution  of  this  problem  amounts  to  a 
determination  of  flow  parameters  and  shape  of  the  body  from  the  boundary 
conditions  at  the  shock  wave.  The  problem  is  described  by  a  system  of 
partial  differential  equations,  which  are  elliptic  in  the  subsonic  range. 

We  shall  not  dwell  here  on  the  derivation  of  the  equations  and  the 
general  statement  of  the  problem.  These  questions  are  discussed  in 
detail  in  /4/.  Let  (r.z)he  an  orthogonal  system  of  coordinates  centered 
on  the  shock  wave,  with  the  2 -axis  pointing  along  the  axis  of  symmetry  of 
the  body.  Let  the  equation  of  the  shock  wave  have  the  form  r  =  f(z);  (x,y) 
is  a  new  system  of  coordinates  chosen  /4/  so  that  x  is  the  distance  along 
the  shock  wave  and  the  y-  axis  is  parallel  to  the  normal  shock  wave. 

As  in  /4/  we  denote  by  {/  =  1,2,...,/)  the  concentrations  of  the  different 
components;  by  u,  v  the  component  velocities  along  x  and  y,  respectively; 
by  p  the  density;  p  the  pressure;  and  T  the  temperature. 

The  flow  equations  then  have  the  form 


daj 

_  - _ 

u 

daj 

;  (/ 

=  1,2,...,/) 

(23) 

^  tj(i 

dx 

du _ l_ 

—  f- 

1 

-Kuv- 

du  1  . 

■  u  —  , 

(24) 

dy  o(l  + 

m  1 

P 

dv 

dy 

=  0  1 

i  du 

[x.!,.— ... 

doi 
"  dx 

»  •  •  •  1 

da, 

U....,  Oi,  ... 

(25) 

dp  _ 

P 

\u.— 

+  (i- 

4-  Ku)  V 

(26) 

dy 

1+/Cy 

L 

1  ^ 

dy  J 

23 


(27) 


^ _ p 

dy  vi\  +  Ky) 


\il+K!,)-lL  +  ^  +  JL.^  + 

L  dy  dx  p  dx 


+  {l+Ky)-^  ■  ^  +  vK  +  —  --^]; 

r  dy  r  dy  ] 

P^9^-  <28) 

M 

I  oy 

where  M/ is  the  molecular  weight  of  the  respective  gas 

/-j  ^ 

component;  >ly  is  a  function  of  flow  parameters  a,  v,  p,  p,  T,  ai,„.,ay 
characterizing  the  reaction  rate  for  the  /-th  mixture  component;  and  (D 
is  a  function  of  the  parameters  «,  v,  p,  p,  r,  linear  in  the  derivatives 

of  these  parameters. 

When  solving  this  problem  by  the  difference  method,  the  author  of  /4/ 
approximated  all  the  equations  by  difference  schemes  (15)  and  (19) 
discussed  for  the  model  problem.  However,  although  system  (23) -(28)  is 
elliptic  on  the  whole,  the  application  of  these  schemes  to  equations  (23), 
which  are  clearly  hyperbolic,  is  inexpedient,  since  these  schemes  are 
unstable  (in  the  ordinary  sense  of  the  word)  and,  moreover,  the  functions 
0/  lack  the  smoothness  required  for  the  application  of  high-order  difference 
schemes.  System  (23),  which  describes  dissociation  processes,  is 
therefore  solved  using  a  stable  (with  weight  0.5)  implicit  scheme 


+  (1  -  2bX)  [(a,);  -  +  (>!,)»+;'•,  (23*) 


where 


CO 


T 


X  —  const,  Y  =  25"+'/!  JL- 
^  m+V,  h* 


v(l  +  Ky)  * 

In  some  problems,  allowing  for  the  particular  nature  of  the  functions 
a/,  it  is  expedient  to  calculate  these  functions  using  a  fine  auxiliary  grid 
with Ap  =  and  Ax  =>  h*.  Seeing  that  scheme  (23*)  is  stable,  we  can 
concentrate  on  the  partial  differential  equations  of  gas  dynamics  proper, 
i.  e.  ,(24)-(28).  In  what  follows  we  propose  a  method  for  determining  a 
tentative  estimate  of  h  which  makes  use  of  the  boundary  conditions  given 
on  the  shock  wave. 

Let  us  consider  a  specific  case.  Let  the  shock  wave  be  described  by 
the  equation  r-arc  cosh(z+l).  In  the  new  coordinate  system  (x,  p)  linked  with 
the  shock  wave,  functions  K{x)  and  r  =  r(x,y)  depending  on  the  shape  of 
the  shock  wave  appear  in  the  equations  of  our  gas -dynamics  problem.  In 
our  particular  example 


K  =  K{x)=-j^-,  r(x.y)=^\n\x  +  (\+xy>\-(\+x^)  ^xy. 

Let  the  incident  flow  be  made  of  carbon  dioxide  COg;  ai,  a2,  as,  04  are  the 
concentrations  of  the  reacting  mixture  components  COg,  CO,  Og,  O, 
respectively. 
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Eqxiation  (25)  then  takes  the  form 


{i-n- 

/-I 

1 

■^-1^ 

1 

y-1 

/-I 

dT 

^  l  +  Ky 

[  T  \  dx 

-i( 


1  /  I  u  df>  ^  u 

B  V  djt  p  dx  z 


The  enthalpy  hi  =  hi  (T)  is  a  known  function  of  temperature.  Fixing 
the  coefficients  of  the  derivatives,  we  can  calculate  their  values  at  some 
point  of  the  shock  wave.  We  thus  reduce  (23)“(28)  to  a  system  of  linear 
equations  with  constant  coefficients: 


du  dp  du 

dy  dx  dx 

(29) 

dv 

dy 

=  - 

.  du  ,  .  dy  h  du  .dp  .  , 

^  dy  dx  dx  dx 

(30) 

^1^ 

II 

1 

1 

H- 

(31) 

dp 

dy 

.  dy  j  du  j  dp  , 

=  -‘‘>17-''*  17-“' IT 

(32) 

To  these  equations  we  now  apply  the  many-point  difference  schemes  (15), 
previously  considered  for  the  model  problem.  For  each  component  of  the 
solution  w(x,y)  we  write 


(July  ^ 

\  dy  j  m  t 

dx  Jm  A  iU  " 


Substituting  expressions  (33)  for  the  derivatives,  we  obtain  a  systeu*  of 
difference  equations.  Without  writing  it  out,  we  shall  refer  to  it  as 
system  (A).  This  system,  after  certain  transformations,  has  a  solution 


Wm=  s  {k,  h) 


Here  Wm  —  w  (mA,  /it)  ,  and  a  =  kh. 
Then  , 

/  dw  \/i 

\  Jm 


gima  _£!!_(! - w. 


P 

^^2airtsin(x9j 
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In  the  following  we  shall  use  the  abbreviated  notation 

q^\ 

In  conjunction  with  system  (A),  we  shall  also  investigate  a  simple  system 
obtained  by  eliminating  p  (see  /3/)  and  keeping  p  constant.  We  shall 
later  justify  our  assumption  that  p  changes  very  little  along  the  j^-axis. 

The  quantity  can  thus  be  regarded  as  a  coefficient.  Rewriting  the 
terms  a2»  ^5,  ^3,  ^4»  etc,,  in  equations  (29)-(32)  to  bring  out  the  desired 
functions  sought  for  (e.  g. ,  64-^  —  K  v\  Cg  =  clu),  we  reduce  the  system 

(29)-(31)  to  the  set 


dy  ^  ^  dx  h 


dv  ,  .  du  , 

“r  r  “r - ^2 

dy  dy 


Applying  the  Fourier  method,  we  can  investigate  the  system  of  difference 
equations  corresponding  to  system  (36),  substituting  (34)  and  (35)  in  the 
difference  equations.  We  thus  obtain 

+  o[ci“i (S-I)  j  =0.  (37) 

“  1^  (S—  +  +  0  ^(s—  •)  — *2-^  +  =  0. 


For  system  (37)  to  have  a  nontrivial  solution  u,  v,  it  is  necessary  and 
sufficient  that  its  determinant  vanishes.  Expanding  the  determinant,  we 
have 


(•S  — 1)“  +  +  (0.  -  6,  +  CaflA)  -f-  2]  + 

+  +  (“3*’2  —  Vi<Ji  — V2<ii)-^^j  (s— 1)  + 


Seeing  that  x  =  ch,  c  =  const,  we  neglect  all  quantities  which,  beside 
t/A  =  const,  also  contain  a  factor  x;  then  for  a  small  A  we  have 

(j!  —  1 )’  +  (oj  —  A,  +  CjOiA,)  -  j  2  (s  —  1 )»  + 

+  {aj>^  -  AiCifli  —  AaCjO,)  ^'(s  —1)  — 

_A,Cja,-^2]’  =  0W.  (38) 
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In  dropping  the  right-hand  side  of  (38),  we  neglect  an  expression  of  the 
form 


Since 


T  (s  - 1)»  +  {cla,  +  &;a,)  -  1)  + 


(39) 


P  P 

^  ^  2a^p>  sin  khq  and  ^ ^  2j 

q-l 


is  bounded  (this  follows  from  our  analysis  of  the  model  problem), 
expression  (39)  can  be  estimated  as  Gt,  where  G  is  uniformly  bounded  in 
fi,  t,  and  k. 

Thus  making  the  left-hand  side  of  (38)  zero  and  setting 


I^'^2a^)smaq 

<1-1 

Are  obtain 

2®  +  (ag  —  6a  +  2*  ~  {aA  —  ~  Va^i)  ^  + 

+  63^^101  =  0. 

For  the  system  corresponding  to  equations  (29) -(3  2)  we  similarly  obtain 


2®  +  (Ms  “  62  —  dA  +  2®  + 

+  [fls  (^8  —  ^2  “■  djb;)  +  +  CjOi  (6,  +  Ml)  —  M21 2®  - 

—[  (hdA  +  c^Oi  {dA  —  dA)  —  Ci^i  A  —  dA)\  2  - 

—  Cjfli  {dA  —  dA)  =  0-  (41) 

We  shall  now  give  some  results  obtained  by  numerical  solution  of  these 
equations.  The  coefficients  of  equations  (40)  and  (41)  are  calculated  from 
the  boundary  values  on  a  shock  wave  at  points  ^=  0.02,  0.035,  0.05,  0.1. 

For  cubics  and  quartics  with  complex  coefficients  (when  the  truncated 
terms  are  taken  into  consideration),  with  t=  0.007,  h=  0.015,  we  obtain 
for  X  -  0.02,  y=  0, 


Zi  =  0.01237  + f  .  1.04488 
Za  =  0.0075—t-  0.8856 


z,  2  =  0.0131  ±  /  ‘  1.0429 


Z3=— 0.9311  —t  ■  0.0145 


Among  the  numbers  of  this  table,  we  should  concentrate  on  the  negative 
imaginary  part  of  the  roots  which  has  the  greatest  modulus.  In  this 
sense  the  investigation  of  the  four  equations  (29) -(32),  as  in  fact  expected, 
did  not  yield  essentially  new  information  in  comparison  with  the  results 
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obtained  from  the  three  equations  (29) -(31).  Examining  the  roots  of  the 
equation  written  for  xi=  Owith  an  allowance  for  the  previously  omitted 
terms  (39),  we  come  to  the  same  conclusion. 


Cubic  ( 40) 

Quartic  (41) 

Zj  2  =  0.0102  ±i .  1.0393 

Zj  2  =  0.0192  ±  i  .  1.0417 

Z3  =  - 0.2538 

Zg  =  —0.2514 

24=  0.309-  10“® 

z,2==0.0178  ±t  •  1.0392 

Zi_2  =  0-0299  .  1.0448 

^3  =  — 0.4442 

23  =  —0.4327 

24  =  0.258  .  10-^ 

Zi_2  =  0.0254  ±i  ■  1.0390 

2j^2  =  0 -0367  ±  t  •  1.0468 

Z3  =  _  0.6344 

Zg  =  —0.606 

Z4  =  0.202  -  10-® 

Zj_2  =  0.0381  ±i  ■  1.0382 

2,^2  =  0.0613  ±i  •  1.0501 

23  =  —0.9971 

23  =  -0.910 

24  =  0.112  -  10“® 

We  now  can  estimate  h  from  below. 
We  have 


a  ±ib  — 


_ s  —  1 _ 

p 

?=1 


Since 


I  p  p 

1  s  (A,  A)  I”  =  1 1  +  ^  2  sin  <xq  +  ^  sin  aq  |”< 

p 

<  exp  ^  ^  2a{P)  sin  dq, 

9=1 


we  should  pick  out  from  among  the  roots  of  equations  (40),  (41)  the  root  z 
whose  negative  imaginary  part  has  the  greatest  modulus,  bmax*  In  our 
case  bmax'^  1.05.  We  shall  determine  Y/h  so  that  the  round-off  error  does 
not  grow  by  more  than  a  factor  of  10®. 

According  to  §  4  of  the  present  paper. 


for  p  =  5. 
Further 


^  ^  0  ~ 

^  2af  sin  a(7  =  sin  a  ^  ~  ( 1  -  cos  a)-?-!  <  1 .8374 

9=1  9=1 


exp  ^-^1.8374- 1.05 )  <  10«, 


so 


<  7.2,  or  A  >  . 

A  7.2 


1456 
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Results  of  numerical  solution  of  these  problems  show  /3/  that  with 
AT.*  =  14,  the  blunt  edge  of  the  body  is  K  «  0.09  — 0.11  from  the  shock  wave. 
For  =  d,y?^0.8  K  we  have  /i?«0.01. 

APPENDIX* 


1®.  First  let  c  =  0  (t  =  0).  We  consider  the  behavior  of  the  relative 
truncation  error  =  Rz  (0)  as  a  function  of  a  =  kh.  We  have  shown  in  §  4 
that,  under  the  conditions  specified,  an  effective  grid  spacing  for  scheme 

(15)  withp  =  1  is  =  Then,  if  A  = 

21  h 

we  have 


so 


[1  -  g2lft(sln«-a)]. 

Analogously,  in  calculations  with  a  five-point  scheme  (15)  with  p  =  2 
and  grid  size  h  we  have 


14dl4-slna  — l-sln2a— a) 


These  errors  were  calculated  as  function  of  a  for  various  values  of 


^  =  X  ,  For  ^  =  '^2  =  0.429  and  ^  ==  -da  =  0.667  the  results  are  plotted  in 

Figure  1.  The  dashed  lines  give  the  maximum  values  of  ^3(0)  and  ^5(0). 
The  values  of  maxi?3(0)  and  max/?8(0)  and  also  the  maximum  values  of 

^3(0)  and  /?5(0)  are  given  in  Table  1  for  various  v.  This  table  also  gives 

amax  (the  points  where  RziO)  and  i?5(0)  are  maximized)**. 


The  numbers  in  the  table  justify  the  assumption  imposed  on  kh  =  a  in 
the  derivation  of  R  for  three-  and  five -point  schemes  and  show  that  the 
estimates  obtained  with  the  aid  of  R  are  fairly  accurate. 

2°.  We  now  let  c=?i=  0  (t  ¥=  0).  For  the  case  discussed  in  §  4  we  give  in 

Table  2  the  maximum  values  of  ^3 (c) calculated  for  c—  Thus,  if 

and  we  have 

21  150  Y) 


/?8(c)  = 


*  See  §4. 

**  In  columns  for  max  ^/.and  max  /?/(/=3,5X  each  group  of  four  digits  gives  the  mantissa  of  a  decimal 
number,  followed  by  the  signed  exponent. 
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max  i?a  Cmax  “max  “max 
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TABLE  2 


T  1 


max  Rs  (f) 

max  /?,  (c) 

0.048 

1080  —03 

0.429 

3167  —02 

0.095 

2426  —03 

0.476 

4328  —02 

0.143 

4116  —03 

0.524 

5985  —02 

0.190 

0.571 

8430  -02 

0.238 

8986  —03 

0.619 

1219  —01 

0.286 

1252  -02 

0.667 

1829  —01 

0.333 

0.381 

■■■ 

0.952 

5121  —01 

Owing  to  the  particular  choice  of  c  =  — ,  for  y~  0.66 7 7  we  have  for  R 
at  the  point  of  maximum  ^3(0) 

S3  (c)==  2^3(0). 


3] 


The  relative  truncation  error  i?3(c)  in  calculations  by  scheme  (15)  with  p  1 
and  grid  size  h  —  has  the  form 


/?3(c)  = 


4[ln(l+csino)-K] 

e  ^  j. 


Seeing  thatx  ch,  y  =-  'frF,  we 

_  ^a(I~»)2i  [1  _ gl60e[ln(I+cslno)-co]j, 

Figure  2  shows  a  graph  of  this  error  for  •&=  0.667.  Note  that 
mzxRsic)  =0.01681  2  max /?3(0)  =  0.01675, 

a  ® 

as  expected.  The  abscissa  of  the  /?3(c)and  ^^(O)  maxima  are  comparatively 
close. 
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U.G.  Pirumov,  V.  A . Rubtsov,  and  V.  N.  Suvorova 

CALCULATION  OF  AXISYMMETRIC  EXHAUST  NOZZLES 
WITH  AN  ALLOWANCE  FOR  EQUILIBRIUM 
PHYSICOCHEMICAL  REACTIONS 

Several  works  on  the  calculation  of  equilibrium  gas  flows  by  the  method 
of  characteristics  have  been  recently  published  /l— 3/.  In  /I,  2/  the  method 
is  adapted  to  the  flow  of  real  gases,  and  results  are  given  on  nozzle 
contours  with  uniform  and  parallel  flow  at  the  nozzle  exit  plane.  In  /3/  a 
calculation  is  given  of  a  flow  of  real  gas  with  a  given  axial  distribution  of 
velocity.  However,  these  works  do  not  consider  the  problem  of  the  flow 
of  different  gases  in  a  nozzle  of  given  contour  and  hardly  touch  on  the 
effect  of  the  real  gas  properties  on  the  coefficient  of  momentum  losses  in 
the  exhaust  nozzle.  To  study  these  problems,  the  Computational  Center 
of  Moscow  State  University  undertook  calculations  of  equilibrium  gas  flows 
in  a  nozzle  of  given  contour  and  calculation  of  nozzle  contours  ensuring 
uniform  and  parallel  exit  flow.  Axisymmetric  nozzles  with  an  angular  point 
(Figure  1)  were  considered  and  the  effects  of  viscosity  and  heat  conduction 
were  neglected. 

Before  proceeding  with  the  analysis  of  the  computational  results,  we 
shall  briefly  describe  the  method  of  calculation  of  equilibrium  gas  flows 

by  the  method  of  characteristics.  Since  the  flow 
is  assumed  in  equilibrium  and  no  shock  waves 
are  allowed  in  the  nozzle,  then  for  every  particular 
composition  of  gas  with  given  stagnation 
parameters  we  can  find  an  isentropic  line,  5  =  const 
and  a  function  giving  the  variation  of  pressure  with 
density  along  this  line,  p  =  p{p).  These  functions 
can  be  obtained  by  thermodynamic  calculations 
of  the  equilibrium  gas  state,  making  due 
allowance  for  dissociation  and  recombination 
processes.  Many  tables  of  thermodynamic 
functions  are  now  available  (e.g.,  for  air,  see  /4/).  For  some  compositions 
even  T—s. diagrams  have  been  published  /5/,  which  enable  the  function 
p  =  p  (p)  to  be  calculated  without  difficulty  along  the  line  s  =  const  for  given 
stagnation  parameters.  Therefore,  for  most  gas  compositions  of  practical 
interest,  the  variation  of  p  with  p  along  the  isentropic  lines  can  be  tabulated 
without  difficulty. 

Given  a  tabulation  of  p  vs  p(p=-^,  p=  ,  where  po  and  po  are  the 

Po  Po 

stagnation  parameters),  we  piecewise  approximate  l:his  function  by  the 
expression  p  =  p*av-|-  +  a^p  -f  ajp*, where  7^^  *  Pa  tabulated  density 


FIGURE  1.  Axisymmetric  nozzle 
with  an  angular  point 
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close  to  the  presumed  minimum  density  in  the  flow,  and  P«is  the 
correlpondi  pressure.  The  coefficients  a.,  a.  and  a.  differing  -  different 
regions,  werf  chosen  so  that  the  approximating  curve  passes  through 

tabulated  points  and  that  the  derivative  -^is  continuous  at  all  points. 

The  dependence  of  p  on  p  was  further  used  in  the  method  of  char 
acJrtttcrwhich.  in  the  case  of  equilibrium  gas  flow,  does  no  differ 
in  principle  from  the  method  of  characteristics  for  isentropic  ideal  g 

Aq  thp  deoendent  variables  we  used  p  and  ^  =  tgO. 

iL  equations  of  the  characteristics  of  the  system  of  differential  equations 
deslnbrnrisentropic  gas  flow  of  a  gas  in  a  state  of  thermodynamic 
equilibrium  are  written  in  the  form 

dr  ^  pc±  1 
dx  PTt  ■ 

Consistence  equations  along  the  characteristics  have  the  form 

jr  +  _ +  -ilL±i!Ldr  =  0. 

7(P*  +  i)  ~  '•«P±i) 

Here  x,  rare  Cartesian  coordinates  in  the  meridional  flow  plane;  B  is  the 
angle  of  inclination  of  the  velocity  vector  to  the  x-axis; 


The  variables  B  and  £  were  first  used  hy  Elers  in  /lO/. 

Let  us  first  ^consider  the  flow  of  real  gas  in  a  nozzle  of  given  contour. 
First  the  parameters  p*  and  p*  in  the  critical  nozzle  section  are  calculated 

™n,  Ih,  vlocity  in  .h.  cr.t.c.l 

3.  Sn!°;L  =onlc^h.r.«.nl..i=  1.  i.l.rminjd 

It  =r.o2i.in':  s 

being  equal  to  f  din p  \ 


Havinff  calculated  the  expansion  wave  fan,  we  calculate  the  flow  between  _ 
thT"hiraSistTc  XO  and  the  nozzle  contour.  The  equations  r.  6.  a  and  p 

(„  =  arcsin-!-),are  calculated  on  the  characteristics^of  the  expansion  wave 

fan  The  l^eral  surface  S.the  flow  rate  i|)  and  P  =  Jprdr(the  *  projection  of 

a  gas  whose  function  p  =  pip)  is  shown  in  Figure  2.  The  k  for 

•+'  iG  1  907  Tn  the  following  we  shall  refer  to  this  gas  as 


was  calculated  by  approximate  formulas  for  ideal  gas  with  ^  =1.14.  The 
second  nozzle  (No.  2  contour)  was  calculated  exactly  (by  the  method  of 
characteristics)  and  has  uniform  and  parallel  outlet  flow  for  an  ideal  gas 
with  A  =  1.25.  The  flow  of  real  gas  of  composition  I  was  calculated  for  both 
nozzles.  We  also  calculated  the  flow  of  an  ideal  gas  with  k  =  1.114,  1.14, 
1.185,  and  1.33  in  the  first  nozzle,  and  with  A  —  1.14,  1.25,  1.33,  and  1.4  ' 
in  the  second  nozzle. 


FIGURE  2.  In  p  vs  p  for  composition  I 


FIGURE  3.  Variation  of  the  angle  a  along 
the  nozzle  axis  for  various  gases 


The  solution  of  the  mixed  problem  (flow  between  the  characteristic  and 
the  nozzle  contour)  in  the  second  nozzle,  was  obtained  by  the  method  of 
characteristics  applied  to  the  Goursat  problem  and  calculated  to  ensure 
uniform  and  axisymmetric  exit  flow  of  an  ideal  gas  with  ratio  of 
specific  heats  A=  1.25.  To  evaluate  its  accuracy  we  calculated  the  flow 
of  ideal  gas  with  A  =  1.25.  The  results  of  this  calculation  gave  virtually 
identical  parameters  in  both  cases.  For  example,  the  difference  in  the 
integral  P  in  the  two  calculations  was  0.05%.  When  calculating  the  flow  of  ideal 
gas  with  A  =  1.14  in  the  first  nozzle,  the  characteristics  intersected  near 
the  axis  (see  Figure  1).  We  nevertheless  succeeded  in  calculating  the 
parameters  at  the  contour,  because  this  intersection  occurred  below  the 
characteristic  DC.  No  such  intersection  was  observed  in  the  second  nozzle. 
The  intersection  of  characteristics  can  be  attributed  to  the  solution  of  the 
first  nozzle  by  approximate  calculations,  while  the  second  nozzle  was 
calculated  exactly. 
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We  now  proceed  to  analyze  the  results.  It  is  interesting  to  compare  the 
variation  of  a  along  the  nozzle  axis  for  different  gases.  Figure  3  shows 
that  the  variation  of  angle  a  for  composition  I  is  closest  to  the  variation 
for  an  ideal  gas  with  k  =1.25  (for  composition  I,  ^av  =  1.207).  The 
distribution  of  the  integral  over  No.  1  contour  plotted  in  Figure  4  shows  that, 
as  expected,  the  nozzle  momentum  increases  with  decreasing  ratio  of 
specific  heats  and  that  the  pressure  integral  for  composition  I  is  closest 
to  the  pressure  integral  of  ideal  gas  with  ^  =  1.185,  although  the  difference 
in  momentum  of  the  two  gases  is  substantial,  and  may  reach  3—4%. 

The  question  of  the  loss  of  momentum  as  a  function  of  the  specific  heat  ratio 
is  of  considerable  interest.  We  first  consider  the  effect  of  the  specific 
heat  ratio  on  momentum  losses  in  a  nozzle  of  given  contour.  We  shall  only 
-onsider  momentum  losses  due  to  nonuniformity  and  imperfect  parallel 
alignment  of  the  outlet  flow.  The  coefficient  of  momentum  losses  |  is  then 
calculated  from  the  formula 

(?-+-^)+2P 

^  =  I-IV’ 

where  F  is  the  area  of  the  given  nozzle  section  divided  by  the  area  of  the 

critical  section,  w  the  velocity  divided  by  the  velocity  in  the  critical 

section  and  A  =  — oy*  being  the  velocity  in  the  critical  section.  For 
*  Po®’^ 

gases  with  constant  specific  heat  ratios,  this  formula  takes  the  form 

c(l)l2(Xr)-2]-2P 

V-  e(l)?(Xr) 

where 

and  Xr  is  the  velocity  coefficient  calculated  from  the  ratio  of  areas.  When 
calculating  the  losses,  we  compared  the  momentum  at  a  given  nozzle  section 
with  the  momentum  at  the  exit  plane  of  an  ideal  nozzle  with  uniform  and 
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parallel  flow  whose  critical-section  area  and  flow  rate  are  equal  to  those 
of  the  given  nozzle  and  whose  exit  plane  area  is  equal  to  the  area  of  the 
section  being  considered.  An  analogous  coefficient  was  introduced  in  /7/. 


FIGURE  5.  Coefficient  of  momentum  loss  ^  on  No.  2  contour  for  various 
gases 


Figure  5  shows  the  variation  of  |  along  the  contour  for  the  flow  of 
various  gases  in  the  second  nozzle.  Examination  of  this  figure  reveals 
that  I  decreases  noticeably  with  the  decrease  of  the  specific  heat  ratio. 

The  difference  in  this  coefficient  for  gases  with  k  =1.33  and  =  1.14  is  as 
high  as  1%  for  values  of  |  of  3  —  5%.  For  smaller  I  the  difference  is  from 
0.2  to  0.6%.  On  the  other  hand,  the  difference  in  losses  between  a  gas  of 
composition  I  and  an  ideal  gas  with  k  =1.25,  for  ^-values  not  exceeding  3%, 
is  a  mere  0.1%.  The  difference  in^in  the  range  of  high  losses  is  somewhat 

greater,  about  0.4%,  and  is  due  to  the  fact  that  in  this  range  k  =  t.  differs 

d  In  p 

from  being  equal  to  1.14-1.17.  Correspondingly  (see  Figure  5)  the 
coefficient  |  for  composition  I  in  the  range  of  high  losses  is  closer  to  the 
curve  with  =1.14  than  to  the  curve  with  k  =1.25.  On  the  whole,  |  does 
not  decrease  with  decreasing  ^  .  However,  in  the  No.  2  contour  with  k  = 

=  1.25,  the  outlet  flow  becomes  uniform  and  parallel  and  therefore  on  an 
untruncated  contour,  |  drops  to  zero  at  the  last  point  for  /?=  1.25.  A  gas 
with  other  k  will  not  give  a  uniform  and  parallel  flow  at  the  nozzle  outlet, 
and  therefore  the  curve  for  A:  =1.14,  which  at  first  is  below  the  curve  for 
k  =  1.25,  intersects  it  at  a  certain  point,  so  that  the  losses  for  ^  =1.14 
become  greater  than  for  k  =1.25  from  this  point  on  (see  Figure  5). 

It  is  also  interesting  to  compare  the  coefficient  |  for  two  contours 
reaching  the  same  point,  which  have  been  calculated  for  different  k ,  but 
which  carry  the  same  gas.  These  contours  are  plotted  in  Figure  6  for 
valves  of  A  =1.14  and  k  =1.25.  The  coordinates  of  these  contours  differ- 
but  slightly.  This  fact  was  also  emphasized  in  /7/.  Calculations  made 
for  several  such  contours  and  for  different  k  show  that  |  of  these  contours 
differ  at  most  by  0.3%.  Note  that  g  can  be  calculated  at  least  to  within  0X)3%. 
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FIGURE  6.  Comparison  of  coordinates  and  momentum  losses  for  two 
contours  reaching  the  same  point 


Besides  calculating  the  flow  of  a  real  gas  in  nozzles  of  given  contour, 
we  also  calculated  nozzle  contours  ensuring  uniform  and  parallel  outlet 
flow  for  composition  I.  Five  nozzles  were  calculated  with  outlet  a  equal 
to  0.270,  0.256,  0.236,  0.231,  and  0.212.  The  contours  of  these  nozzles 
and  the  contours  of  nozzles  with  uniform  and  parallel  outlet  flow  of  ideal 
gas  with  k  —1,25  and  outlet  a  equal  to  0.297,  0.268,  0.229,  and  0.208  are 
plotted  in  Figure  7.  The  same  figure  shows  the  contour  end  lines  for 
composition  I  and  for  ideal  gas  with  k  =1.25.  An  examination  of  these 
lines  shows  that  the  difference  between  the  coordinates  of  contour  end  lines 
for  composition  I  and  for  an  ideal  gas  with  k  =1.25  does  not  exceed  5  — 10%. 
This  difference  will  be  even  smaller  when  we  compare  composition  I  with 
an  ideal  gas  having  A;  =1.207. 


FIGURE  7.  Nozzle  contours  calculated  for  uniform  and  parallel  flow  of  ideal  gas  (k=  1.25)  and  real  gas 

(composition  D 

- real  gas  (composition  D;  —  —  —  ideal  gas  («:=  1.25) . 
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We  have  considered  the  effect  of  real  gas  properties  on  the  loss  of 
momentum  in  the  nozzle  for  a  pre-established  nozzle  size.  Given 
calculations  of  nozzles  for  real  gas  with  uniform  and  parallel  flow,  we  can 
evaluate  the  effect  of  real  gas  properties  on  the  choice  of  nozzle  size  in 
various  problems.  Consider  the  choice  of  a  nozzle  ensuring  maximum 
momentum  for  given  area  or  given  length.  In  /8,  9/  variational  methods 
have  been  developed  for  designing  nozzles  which  ensure  maximum  exit 
velocity  for  given  length  and  given  outlet  area.  These  methods  can  easily 
be  generalized  to  the  case  of  equilibrium  flow  of  a  real  gas.  In  the  present 
work,  however,  the  basic  comparison  is  made  for  a  family  of  nozzles 
constructed  using  uniform  characteristics.  It  can  nevertheless  be  expected 
that  the  estimates  of  losses  due  to  incorrect  choice  of  nozzle  size  by  failing 
to  allow  for  the  real  gas  properties  obtained  in  the  above  case  will  also 
apply  to  nozzles  constructed  with  the  aid  of  variational  characteristics.  If 
we  neglect  friction,  then  among  nozzles  of  given  exit  plane  area  maximum 
exit  velocity  is  found  in  the  nozzle  with  uniform  and  parallel  flow.  Insofar 
as  the  contour  end  lines  of  nozzles  with  uniform  flow  for  composition  I 
and  for  ideal  gas  with  ^  =1.25  are  similar,  and  the  losses  of  contours 
reaching  one  point  ?ire  also  similar,  it  is  sufficiently  accurate  to  solve 
problems  of  given  outlet  area  by  solving  for  a  family  of  nozzles  with  uniform 
flow  calculated  for  some  constant  k. 
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FIGURE  8.  Comparison  of  coefficients  of  momentum  loss  ^  at  maximum  points 


Consider  the  problem  of  determining  the  size  of  the  nozzle  with  maximum 
momentum  for  a  given  length.  The  choice  of  this  nozzle  from  the  family  of 
nozzles  with  uniform  characteristics  is  made  from  Figure  8.  It  follows 
from  this  figure  that  the  maximum  momentum  Pmax  of  a  real  gas  and  that  of 
a  gas  with  =1.25  may  differ  to  a  considerable  extent.  The  difference 
sometimes  reaches  10%.  However,  there  is  very  little  difference  in  the 
position  of  the  maxima  of  theZ.  =  const  curves  and  in  the  values  of  the 
momentum-loss  coefficients  l.  In  this  case  the  choice  of  nozzle  size  and 
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the  evaluation  of  the  losses  can  be  made  with  fair  accuracy  by  proceeding 
from  the  family  of  nozzles  with  constant  k  =  Analogous  results  can  be 
expected  to  apply  to  the  choice  of  a  nozzle  ensuring  maximum  exit  velocity 
for  given  surface  area. 

In  conclusion  we  observe  that  our  results  on  the  effect  of  the  real  gas 
properties  on  the  coefficient  of  momentum  loss  |  were  obtained  for  one 
particular  gas  composition.  Qualitatively,  these  results  apparently  will 
not  change  for  other  gas  compositions,  but  this  proposition  requires  further 
substantiation. 
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G.  S.Roslyakov  and  N.  V.  Drozdova 

NUMERICAL  COMPUTATION  OF  FLOW  PAST 
A  SCALARIFORM  CONE 


1.  In  this  article  a  numerical  computation  is  made  of  the  flow  past  a 
scalariform  ciircular  cone  (Figure  1)  immersed  in  a  supersonic  stream  of 
ideal  gas.  It  is  assumed  that  the  flow  is  uniform,  the  velocity  vector  of 
the  incident  flow  is  parallel  to  the  axis  of  the  body,  while  the  flow  velocity 
and  the  cone  angles  are  such  that  the  flow  is  supersonic  at  all  points.  It  is 
also  assumed  that  the  angle  of  the  second  cone  is  larger  than  that  of  the  first 
cone,  so  that  a  curvilinear  compression  shock  is  formed  issuing  from  the 
jointing  line  on  the  surface  of  the  body,  as  well  as  the  conical  shock  in  the 
frontal  needle. 

In  the  region  enclosed  by  the  shocks  the  flow  is  self-adjusted;  conical 
flows  are  tabulated  in  /l/.  Beyond  the  second  curvilinear  shock  the  flow 
becomes  turbulent,  and  its  computation  is  very  difficult.  The  turbulent 
region,  with  the  exception  of  the  jointing  line,  is  computed  by  the  method 
of  characteristics.  To  determine  the  flow  parameters  near  the  jointing 
line,  the  results  of  an  approximate  theory  were  applied. 

2.  Because  of  the  axial  symmetry  of  the  flow,  we  shall  use  a  cylindrical 
system  of  coordinates,  placing  the  origin  at  the  needle  point  of  the  body 
(Figure  1). 


A 


In  the  following  we  confine  the  discussion  to  one  meridional  plane  only. 
The  conical  half-angles  coi,  W2  and  the  Mach  number  of  the  incident  flow 
are  assumed  known.  The  y  coordinate  of  the  point  C  is  taken  equal  to  1. 

We  shall  compute  the  flow  in  the  region  OABC  limited  by  the  conical 
(linear)  shock  0/1,  the  generatrix  of  the  body,  and  the  characteristic  AB  of 
the  2nd  family  passing  through  the  intersection  point  of  the  compression 
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shocks.  This  should  be  adequate  for  most  practical  applications.  In  the 
following  we  use  the  notation:  M»the  Mach  number;  a  ,  the  Mach  angle; 
p,  p,  the  pressure  and  density  divided  by  the  pressure  and  the  density  of  the 
incident  flow;  0,  the  angle  of  inclination  of  the  velocity  vector  to  the  ;f-axis; 
5,  entropy;  tj),  flow  rate  and  x, specific  heat  ratio.  In  addition  to  the 
cylindrical  coordinates  Xj  y,  we  shall  also  use  polar  coordinates  r,  co  centered 
at  0.  By  Xr,  we  denote  the  radial  and  the  normal  (to  the  radius) 
components  of  the  dimensionless  velocity  X;  X  is  related  to  M  by  the 
equality* 

- X2 

yM»  =  -i±J — . 


1  — 


X2 


and 


The  parameters  beyond  the  first  shock  will  have  the  subscript  w, 
beyond  the  second  shock,  2. 

3.  The  parameters  of  conical  flow  remain  constant  along  any  ray  passed 
from  the  apex  of  the  cone,  i.e.,  they  only  depend  on  the  polar  angle  co.  The 
velocity  components  X^,Xa)  satisfy  the  following  system  of  ordinary 
differential  equations: 


±^  =  -x 


X^  +  X^  ctg  w 


(1) 


X  +  1 


X2 


X—  1 
x+1 


System  (1)  will  be  integrated  for  the  following  boundary  conditions: 

CO  ==  coj,  Xu,  =  0; 


(2) 


at  the  second  (unknown)  end  point  co  =  o)«,,  the  solution  must  satisfy  the 
equations 


X.  cos  CO™  =  X 
in  *  ' 


XAa.tgC0^ 


1 


x+  I 


X2+1  =  0. 


(3) 

(4) 


Given  X,  and  X^  from  the  solution  of  system  (1)— (4),  we  can  determine 

X. 


X  (co)  and  0  (co)  ==  co  4-  arctg 
Pressure  and  density  are  found  from 


X. 


p(to)-p^ 


where 


(X)  =  (l 


X—  1 
X+l 


:[XH] 

7t  (Xa,) 

.  MX  HI 

P  (w)  =  Pa,  A  ^  ’ 

(5) 

and  p„  and  p»  are  determined  from  the  conditions  on  the  conical  shock: 


+  All  unreferenced  formulas  in  the  text  can  be  found,  e.  g.  ,  in  /2/  or  are  easily  derived. 
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M?  sin2 

1  in 
x+1 


7^—  1 
X+1 


(6) 


9w 


■*.—  1  in 


M?  sin*a)t 


X —  1  in 


4.  As  we  have  already  observed,  the  flow  beyond  the  curvilinear  shock 
is  determined  by  the  method  of  characteristics. 

The  gas  “dynamic  system  of  equations  written  in  characteristics  has  the 
form 


=  tg(9±a), 


-}-  cos  2o  ,  ,  sin  e  sin  a  ,  _  sin  2a  « 

- —  dfj,  +  - - - -  dx  + - as  =  0 


X  —  cos  2a  y  cos  {9  ±  a) 

(characteristics  of  1st  and  2nd  families), 

•^  =  tge,  ds  =  o 
dx 


2x  {x  —  1) 


(7) 


(characteristics  of  3rd  family  —  streamlines).  We  shall  not  dwell  on  the 
practical  application  of  the  method  of  characteristics  (the  interested  reader 
will  find  ample  material,  e.g.,  in  /3/),  and  will  only  give  formulas  for 
computation  of  the  shock. 

Using  the  ordinary  conditions  on  the  oblique  shock,  it  is  easy  to  derive 
the  following  formulas  for  the  various  parameters  beyond  the  curvilinear 
compression  shock: 


where 


a,  =-|-arccos|ic--^-^ 

02  "  6  (t»i)  + 

*2  =  In  , 

P2 


(8) 


Pi 


P2  =  P(“) 


1 

X  — 1 


Af2  (w)  sin*  £ 


+  (oj)  sin*  e 


S  =  arctg  r  ctg  £ 


P2 

M*  (o>)  sin*  t  —  1 


l+AJM"')[^^--sin*£j 
£  =  0  —  9  (co). 


Here  6  is  the  deflection  angle  of  the  flow,  and  o  the  inclination  angle  of 
the  shock  to  the  x-axis. 

These  relations  should  be  supplemented  with  a  condition  which  is 
satisfied  along  the  1st  family  characteristics. 
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A  special  computational  procedure  is  applied  near  the  jointing  point.  At 
the  jointing  point  the  deflection  angle  6  is  known:  6  =  0)2  —  ®i;  e  is  determined 
from  the  cubic 

tg^e  +  ^tg^s-f  Btg6  +  C  =  0, 

where 


C  = 


2 

X— 1 


tg& 

X  +  1 
*  —  I 


r  21 


X— 1 


X— 1 

y4  =  C[l 


after  which  all  the  unknown  quantities  are  determined  from  finite  relations 
(8).  A  certain  difficulty  is  encountered  in  the  computation  of  the  first  point 
on  the  shock.  As  the  characteristic  of  the  1st  family  issuing  from  this 
point  meets  the  wall,  the  solution  cannot  be  found  by  the  method  of 
characteristics. 

Let  the  characteristic  meet  the  generatrix  of  the  second  cone  at  point  a 
with  f/=  1  4-At/  (Figure  1).  To  determine  the  required  parameters  at  point 
a  we  proceed  as  follows. 

We  first  find  the  pressure  at  point  a,  using  the  expansion 

where 

(■^)  =-2xp,M2sino)J/(i--^i(J, 

\  dy  J  2  ^  L  smtoa  J 

=-^tg(e-S), 

At 

^2  =  -r-  [sin  5  +  tg  (s  -  8)  cos  S], 

Ax 

=  2  vmq  [i  +  tg(s-  8)  Vi+Ml'j  . 

a  =  2tg(s-8)VTTF|[l + 
i  =  1+ tg.  tg(e  -  8)  (1  +  M|)  - 
S,  =  sinMs  -  8)  |tg  e  tg  (.  —  8)  -  1 ) 


(here  p2,  M2,  e,  and  6  are  taken  at  the  jointing  point,  beyond  the  shock). 
Formulas  in  this  form  were  obtained  by  Mel'nikov  by  a  method  analogous  to 
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that  employed  in  /4,  Chapter  IV/.  We  can  now  easily  determine  all  the 
other  quantities  at  point  a : 

Qa  =  ®2.  “fl  =  arc  sin  =  s^, 

JVi^ 

where  P.  =  (Pa«-‘-F. 

Given  the  flow  parameters  at  point  a,  we  can  compute  the  shock  point  from 
(8)  (applying  the  condition  along  the  characteristics  of  the  1st  family). 

5.  We  now  offer  some  remarks  concerning  the  computational  scheme. 

1®.  The  system  of  equations  of  conical  flow  (1)  was  integrated  by  the 
Runge-Kutta  method. 

To  solve  the  boundary-value  problem  (l)‘-(4)  at  the  left  end  point,  with 
(0  =  0)1,  the  value  of  was  varied  so  that  for  some  o)  ==  equations 
(3)  and  (4)  were  satisfied  simultaneously  (with  pre-established  accuracy). 
o)a,  was  assumed  to  be  the  conical-shock  angle.  In  practice,  since  (coi) 
is  approximately  known  (from  the  tables  in  /!/),  the  conical- flow  parameters 
could  be  determined  with  the  required  accuracy  by  solving  2-3  initial- value 
problems.  As  the  result  of  these  calculations,  ^^(o))  and  0((o)  were 
tabulated  as  functions  of  the  angle  w. 

2°.  Computations  beyond  the  curvilinear  shock  are  made  along  the 
characteristics  of  the  2nd  family  from  the  shock  to  the  body.  The  following 
scheme  was  chosen  for  computing  a  point  on  the  shock. 

System  (8)  should  be  solved  simultaneously  with  the  equation  O+=0,  (see 
(7)).  Let  the  solution  be  known  at  point  Pon  the  shock  and  at  points  of  the  charac  - 
teristic  of  the  2nd  family  passing  through  point  P  (Figure  2).  We  find  the  intersec¬ 
tion  point  Q  of  the  line  passing  through  point  Pat  an 
angle  of  crp-\-  Aa,  with  the  line  x  =  Xp  -\~  Ax.  We 
now  determine  the  polar  angle  (hq  of  this  point 
and,  by  quadratic  interpolation  from  the  table  of 
conic  flow  parameters,  find  k^icaq)  and  0{(O(5). 

From  (5)  we  compute  p(<oq)  andp((0Q).  Now  from 
(8)  we  find  the  parameters  beyond  the  shock  at 
points  Q  (for  o  =  op  -f- Aa),  We  compute  the  value 
of  0+ by  replacing  the  differentials  with 
corresponding  difference  expressions  at  points 
Q  and  q  and  approximating  the  coefficients  witl 
half  the  sum  of  their  values  at  points  Q  and  q. 

FIGURE  2  Drawing  straight  lines  througl^  P  at  angles 

ap-f  Aa  — Aa  and  =  ap  +  Aa  —  2Aa  we  find  the 
required  quantities  beyond  the  shock  at  points  L  and  M  (for  a  =  ap  + Aa  — Aa 
and  a  —  ap+  Aa  — 2Xa  ,  respectively)  and  compute  0+  at  these  points.  Now 
the  true  position  of  the  point  N  of  the  shock  (with  0-{-=  0)  and  the  value  of 
the  required  quantities  at  this  point  (beyond  the  shock)  arefouncD^y  quadratic 
interpolation  of  all  the  quantities  as  functions  of  Of.  Aa  and  Aa  are 
chosen  so  that  0+  has  different  signs  at  points  Q  and  M,  i.e.,  so  that  the 
shock  passes  within  the  angle  QPM. 

Having  determined  the  shock  point,  we  compute  the  flow  rate  at  this 
point: 
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(9) 


t/v 


_  ^  e  [X  (o)^)]  X  (o)^)  sin  (03^  -  e  ((O^)) 

€  *  * - - — ■  y  kj 

e(X.)  X.  sinww  ^ 

in  in  " 


and  compute,  up  to  the  body,  the  characteristic  of  the  2nd  family  issuing 
from  point  N.  At  every  point  of  the  characteristic  we  compute  x,  y,  0,  a,  s,  i|). 
To  determine  x,  y,  0,  a,  s  we  apply  the  characteristic  equations  (7),  The 
flow  rate  ij?  between  any  two  points  {xu  y\),  {X2,  ^/s)  on  the  characteristic  is 
given  by  the  integral 


- 

X_l  /  1  —  cos  2o  \  2(x-l)  ydx 


VW+T)-^ 

^  J  \x  — C0s2a/ 


COS  (0  —  a) 


in  in  xt 


(10) 


which  is  computed  by  the  trapezoid  formula. 


FIGURE  3.  Compression  shock  and  boundary  characteristic  for  various 
(see  Table  2);  (1)1=20";  (D2=35°.  Circles  mark  experimental  data 


In  this  computational  scheme  the  unknown  quantities  x,  y,  0,  a,  s  are 
independent  of  the  flow  rate;  the  flow  rate  is  computed  only  for  control 
purposes.  For  example,  the  flow  rate  computed  from  (9)  should 
coincide  with  integral  (10),  where  one  of  the  points  is  N  and  the  other  is 
a  point  on  the  body.  In  practice,  since  we  compute  from  the  shock  to  the 
body,  an  integral  accuracy  check  will  be  that  the  flow'  rate  does  not  vanish 
on  the  generatrix  of  the  body. 

6.  Computations  were  made  on  the  STRELA  computer  at  the  Computational 
Center  of  Moscow  State  University.  The  results  are  shown  in  Figures  3  —  6 
and  in  Tables  1,  2.  The  specific  heat  ratio  x  for  all  the  alternatives  was 
taken  as  1.4.  Figures  3  and  4  give  graphs  of  the  curvilinear  shock  and  the 
boundary  characteristic  for  different  values  of  Min  incident  flow  for 
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bodies  with  wi  =  20°,  ©2  ==  35°  and  ©1  =  15°,  ©2  =  35°.  Experimental  points 
obtained  by  V.  I.  Goryachev  are  plotted  in  Figure  3  for  the  case  3 


3.5  3.3  ^.3  ^.7  5.1  5.5  A 

FIGURE  4.  Compression  shock  and  boundary  characteristic  for 
Mjn  =  2.594  (VII)  and  =  4.097  (VIII);  (t)l  =  15^  0)2=35“ 


FIGURE  5.  Distribution  of  dimensionless  pressure  over  the  generatrix  of  the 
second  cone  (p2  is  the  pressure  at  the  jointing  point;  see  Table  2) 


Figure  5  shows  the  pressure  (divided  by  the  pressure  at  the  jointing 
point,  beyond  the  shock)  along  the  generatrix  of  the  second  cone.  Note  that 
pressure  varies  sharply  with  Min  (see  Table  2).  It  should  be  noted  that  at 
high  Min  ^  stagnation  region  forms  near  the  jointing  point.  As  Min  increases, 
the  pressure  along  the  generatrix  becomes  more  intense.  Unfortunately, 
as  computations  were  made  for  a  comparatively  small  flow  region  beyond 
the  shock,  the  point  of  maximum  pressure  for  Min=6.1  does  not  appear  on 
the  graph.  The  point  of  maximum  forMij^=  4,098  is  marked  by  a  cross. 

Figure  6  shows  the  variation  of  flow  rate  xp  along  the  shock  as  a  function 
of  y. 
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Table  1  gives  the  variation  of  entropy  s  as  a  function  of  Note  the 
trend  of  entropy  for  various  Alin.  For  small  Min  entropy  (as  a  function 
of  \j))  has  a  minimum  point,  while  for  high  Mij^  s  becomes  a  monotonically 
increasing  funcUon  of  ''i?. 

In  Table  2,  x,  y  are  the  coordinates  of  the  intersection  point  of  the  two 
shocks.  is  the  pressure  on  the  second  cone  for  y  -*oo  divided  by  the 
pressure  of  the  incident  flow  (p^was  computed  from  the  data  of  /I/).  The 
last  column  of  Table  2  give  the  maximum  flow  rate  ttmx  on  the  second  cone 
divided  by  the  flow  rate  at  the  corresponding  shock  point.  As  we  have 
already  observed,  \|5n,ax characterizes  to  a  certain  extent  the  accuracy  of 
computations. 

All  the  alternatives  were  computed  with  Ax  =0.01  {Ax  the  interval  along 
the  shock,  see  Section  5).  Since  the  pressure  at  point  a  was  computed 
using  a  linear  relation.  Ax  was  reduced  near  the  jointing  point. 

Alternative  IV  was  also  computed  with  Ax  =0.005.  Comparison  of  the 
two  sets  of  results  for  this  alternative  shows  that  the  error  in  flow  rate 
does  not  exceed  0.1%,  and  the  error  in  all  other  parameters  is  less  than 
0.05%.  The  error  of  all  other  alternatives  apparently  does  not  exceed  t|?niax  • 
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Finally  we  should  comment  on  the  method  used.  The  method  described 
for  the  computation  of  the  first  point  on  the  shock  is  somewhat  cumbersome. 
On  the  other  hand,  if  Axis  substantially  reduced  (near  the  jointing  point), 
a  much  simpler  scheme  can  be  proposed  in  which  the  first  point  on  the  wave 
is  computed  from  (8)  using  o  equal  to  the  angle  of  inclination  of  the  shock  at 
the  jointing  point  of  the  generatrix.  Below  we  give  the  values  of  the 
parameters  at  two  points  on  the  shock  in  cases  when  the  first  point  was 
computed  using  this  simplified  scheme  (right  column)  and  the  scheme 
described  in  Section  4.  Ax  was  taken  as  0.001  for  both  calculations. 


X  2.748477 

2.748477 

y  1.001498 

1 .001499 

e  0.610496 

0.610834 

o  0.548388 

0.548663 

s  0,076099 

0.076206 

0,004316 

0.004324 

X  2.758477 

2.758477 

y  1.016410 

1.016413 

e  0.606883 

0.606882 

a  0.548323 

0.648323 

s  0.076086 

0.076085 

+  0.047742 

0.047752 

We  see  that  the  divergence  in  numerical  results  is  slight  and  quickly 
smoothes  off. 


TABLE  1 

Entropy  s  as  a  function  of  flow  rate  |  (along  the  shock) 


s  ■  io» 


I 

II 

Ill 

IV 

V 

VI 

VII 

VIII 

0.000 

2.42 

3.41 

5.14 

7.61 

12.9 

35.0 

5.31 

14.08 

0.300 

2.30 

3.36 

5.12 

7.62 

12.9 

35,2 

5,10 

14.10 

0.600 

2.22 

3.33 

5.12 

7.65 

13.0 

35.4 

4.97 

14.21 

0.900 

2.17 

3.32 

5.15 

7.70 

13,1 

35.6 

4.88 

14.37 

1,200 

2.13 

3.32 

5.18 

7.77 

13.2 

35.9 

4.84 

14.56 

1.500 

2.11 

3.34 

5.22 

7.85 

13.3 

36.2 

4.81 

14.79 

1.800 

2.10 

3.36 

5.27 

7.94 

13.5 

36.6 

4.80 

15.13 

1.932 

_ 

— 

— 

— 

— 

36.7 

— 

— 

2.100 

2.09 

3.39 

5.32 

8.03 

13.7 

— 

4.81 

15.32 

2.400 

2.08 

3.42 

5.39 

8.14 

13.9 

— 

4.83 

15.66 

2.545 

, — 

— 

— 

— 

14.0 

— 

— 

— 

2.700 

2.09 

3.45 

5.46 

8.25 

— 

— 

4.85 

16.00 

3.000 

2.10 

3.49 

5.54 

8.38 

— 

— 

4.87 

16.42 

3.022 

_ 

_ 

— 

— 

— 

— 

— 

16.43 

3.300 

2.11 

3.53 

5.63 

— 

— 

— 

4.91 

— 

3.600 

2.12 

3.58 

5.72 

— 

_ 

— 

4.96 

— 

3.714 

— 

— 

5.75 

— 

— 

— 

— 

— 

3.900 

2.14 

3.63 

— 

— 

— 

— 

5.02 

— 

4.200 

2.16 

3.69 

— 

— 

— 

— 

5.07 

— 

4.500 

2.18 

3.75 

— 

— 

— 

— 

5.12 

— 

4.597 

— 

3.77 

— 

— 

— 

— 

— 

~ 

4.800 

2.20 

— 

— 

— 

— 

— 

5.20 

— 

5.100 

2.23 

— 

— 

— 

— 

— 

5.27 

— 

5.400 

2.26 

— 

— 

— 

. — 

— 

5.35 

— 

5.700 

2.30 

_ 

— 

— 

— 

— 

5.46 

— 

5.726 

2.30 

— 

— 

— 

— 

— 

— 

— 

6.000 

— 

— 

— 

— 

— 

— 

5,55 

— 

6.216 

5.62 
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In  conclusion  we  express  our  thanks  to  V.  I.  Goryachev  for  his 
experimental  data,  and  also  some  computational  results  of  approximate 
theories. 


TABLE  2  * 


Alternative 

^in 

0), 

ti»w 

X 

1 

y 

p* 

(t). 

Poo 

^max 

, 

2.200 

20° 

35°  18' 

3.423 

2.424 

\ 

4.413  ! 

—0.255 

3.74 

0.001 

11 

2.600 

20“ 

31°  52' 

3.450 

2.144 

5.281 

—0.0910 

4.65 

0.001 

III 

3.000 

20° 

29°  37' 

3.405 

1.935 

6.529 

—0.0432 

5.72 

0.001 

IV 

3.420 

20° 

27°  59' 

3.347 

1.779 

8.125 

—0.0120 

7.01 

0.001 

V 

4.098 

20° 

26°  17' 

3.265 

1.613 

11.504 

0.0232 

9.48 

0.00! 

VI 

6.103 

20° 

24°  00' 

3.122 

1.390 

26.856 

0.0852 

19.5 

0.002 

VII 

2.594 

15° 

27°  44' 

4.743 

2.493 

5.463 

—0.1665 

4.65 

0.002 

VIII 

4.097 

15° 

21°  34' 

4.397 

1.737 

1 - 

11.906 

—0.0112 

,  9.48 

0.002 

*  For  all  alternatives, 0)2=  35* . 
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T.  G.  Volkonskaya 

CALCULATION  OF  SUPERSONIC  AXISYMMETRIC  JETS 


1.  The  application  of  the  method  of  characteristics  to  the  calculation 
of  an  axisymmetric  jet  emerging  from  a  nozzle  are  considered  in  /I,  2/. 

In  /!/  finite -difference  formulas  are  given  for  calculating  the  typical  points 
and  a  general  calculational  procedure  is  described.  No  scheme  for 
calculating  the  flow  parameters  on  the  compression  shock  are  given.  Paper 
/2/  mainly  deals  with  the  effect  of  nozzle  and  jet  parameters  on  jet  structure, 
initial  wavelength,  and  shape  and  curvature  of  the  jet  boundary  based  on 
experimental  data  and  numerical  calculations.  This  work  is  mostly 
concerned  with  subsonic  jets  or  supersonic  jets  where  the  compression 
shock  forms  far  downstream,  i.e. ,  cases  where  the  shock  need  not  be 
calculated.  The  authors  maintain  that  the  method  of  determination  of  the 
shock  with  allowance  for  the  transient  conditions  across  the  shock  front 
are  exceedingly  complicated.  They  therefore  determine  the  position  of  the 
shock  as  the  envelope  of  the  intersection  points  of  characteristics  of  one 
type.  Correspondingly  the  calculational  procedure  ignores  the  intersection 
of  characteristics  of  one  type. 

The  present  work  also  deals  with  the  numerical  calculation  of  supersonic 
jets.  The  main  attention  is  focused  on  the  procedure  for  calculating  the 
compression  shock. 

2.  Consider  an  axisymmetric  jet  emerging  with  supersonic  velocity 
from  a  nozzle  into  a  stationary  gas  (Figure  1).  We  shall  assume  the  flow 
at  the  nozzle  outlet  to  be  uniform,  having  its  velocity  vector  parallel  to 

the  nozzle  axis.  We  shall  also  assume  that  the  pressure  of  the  surrounding 
medium  is  less  than  the  pressure  at  the  nozzle  outlet.  In  this  case  a 
"suspended”  compression  shock  may  form  in  the  jet,  whose  intensity 
increases  with  the  coordinate  x.  Near  the  nozzle  axis,  the  dropping 
compression  shock  is  reflected  forming  a  direct  shock  on  the  axis,  and 
the  flow  changes  from  supersonic  to  subsonic  (upstream  from  the  direct 
shock).  The  compression  shock  reflected  from  the  axis  and  the  free 
boundary  again  forms  a  direct  shock  on  the  axis,  etc.  The  complete 
problem  of  jet  calculation  is  highly  complicated  owing  to  the  presence  of 
subsonic  regions  in  the  jet.  The  purpose  of  this  work  is  to  obtain  a 
numerical  solution  only  in  the  range  of  supersonic  flow  limited  on  its  right 
by  the  first  direct  shock.  The  calculation  will  be  made  by  the  method  of 
characteristics  in  the  region  bounded  by  the  initial  linear  characteristic  AB, 
the  segment  BC  of  the  axis  of  symmetry,  the  free  boundary  AD,  and  some 
characteristic  CD.  The  following  notation  is  employed  throughout;  x,  r, 
cylindrical  coordinates;  0,  the  inclination  angle  of  the  velocity  vector  to 
the  AT-axis;  a,  the  Mach  angle;  5,  the  entropy;  M,  the  Mach  number; 
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Mo,  the  Mach  number  at  nozzle  outlet;  Mt,,  the  Mach  number  at  jet  boundary; 
a  the  inclination  angle  of  the  compression  shock  to  the  A:-axis;  x  specific 
heat  ratio. 


>1 


HGURE  1  FIGURE  2 

3.  Let  us  consider  a  general  scheme  of  computation.  The  calculation 
is  made  along  characteristics  of  the  1st  family  starting  from  the  initial 
(given)  characteristic  ^45  or  axis  BC  to  the  free  jet  boundary  (Figure  2).  At 
the  angular  point  A,  the  well-known  Prandtl-Mayer  equations  are  used. 
When  a  shock  is  observed,  the  sequence  of  computations  is  as  follows.  Let 
X*  B/i  be  a  part  of  previously  calculated  characteristic  lying  in 

region  I.*  Cjf  is  the  point  at  which  the  characteristic  X*^*  meets  the  shock. 
Starting  with  characteristic  X*  jB*we  construct  in  region  I  the  characteristic 
X*H.i  B„+i.  Then  applying  the  formulas  for  transition  across  the  shock,  we 
find  the  point  Ca+i  on  the  shock.  From  point  Ck+\  we  then  construct  in 
region  II  a  Ist-family  characteristic  Ck+\  A+i- 


a 


FIGURE  3 

4.  Let  us  now  consider  a  scheme  for  calculating  a  point  on  the 
compression  shock.  Primed  quantities  will  refer  to  a  point  on  the  shock 
facing  region  I,  and  double -primed  quantities  to  a  point  on  the  side  of 
region  II.  The  beginning  of  the  shock,  point  7  (Figure  3a),  lies  at  the 
intersection  of  the  last  characteristic  of  the  rarefaction-wave  fan,  with 

+  Region  I  is  located  upstream  from  the  compression  shock,  and  region  II  downstream  from  it. 


flow  parameters  given  at  points  1,3,5  of  this  characteristic,  and  the 
characteristic  reflected  from  the  free  boundary  (known  points  —  2,  4,  6).  The 
flow  parameters  at  point  7  on  the  side  of  region  I  are  found  by  quadratic 
interpolation  for  points  1,  3,  5;  quadratic  interpolation  for  points  2,  4,  6 
gives  the  flow  parameters  at  point  7  on  the  side  of  region  11.  To  determine 
the  inclination  a?  of  the  shock,  we  apply  one  of  the  conditions  of  transition 


across  the  shock: 


e;  — 0;  +  arctg 


5'  — 0,) 


sin®  (9y— q,)  — sin»ay 
+  1 


sin®  (67  —  07)  4-  sin® 


Suppose  that  point  0  of  the  shock  (Figure  3b)  has  already  been  computed 
and  that  the  solution  is  known  at  points  5,  6,  8  ofthe  Ist-family characteristic 
passing  through  this  point.  The  required  point  of  the  shock,  2,  lies  at  the 
intersection  of  the  shock  line  with  the  neighboring  Ist-family  characteristic, 
at  points  1  and  3  of  which  the  flow  parameters  are  known.  The  algorithm 
for  the  determination  of  the  parameters  at  point  2  on  the  side  of  region  I  is 
analogous  to  that  described  in  /3/,  and  it  amounts  to  the  following.  We 
continue  the  characteristic  3  —  1  into  region  II  ignoring  the  discontinuity  at 
the  shock  front.  From  point  0  (assuming  the  parameters  which  apply  on 
the  side  of  region  1)  we  draw  a  2nd-family  characteristic  to  its  intersection 
(at  point  4)  with  the  Ist-family  characteristic  issuing  from  point  1.  The 
parameters  at  point  2  on  the  side  of  region  I  are  then  found  by  quadratic 
interpolation  for  points  3, 1, 4.  To  determine  the  required  quantities  at 
point  2  on  the  side  of  region  II,  we  apply  the  following  conditions  of 
transition  .across  the  shock: 


e;  =  e;— arctg 


sin®  (82  “*  ®2 


=  arcsin  |sin  (Sg  —  02)  ^  ^  • '  tg  (62  "~®2)  ”2) 

-Jl^sin(0;-o,)jj", 

r  2h  sin® (6' —Os)  H  t 

S;  =  S,+  ln  - — J  + 

r  2  sin®  02  H— 1  1 

^  ^[k+1  sin®(02— og)  1  J 


We  supplement  this  system  with  a  differential  relationship  holding  on  the 
2nd-family  characteristic  2  —  7.  Writing  it  in  a  finite -difference  form'S 
we  obtain 

0  =  0;  — 07  — — — ,^7)  +  /(S;  — S7)  =  0,  (2) 


*  The  parameters  at  point  7  are  found  by  quadratic  interpolation  for  points  0,  5,  6 
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where 


i-  (  ^  ^  20"  \ 

2  \  K  —  COS  2a7  K  —  COS  2«2  j  ’ 

sin  Q7  sin  Cy  sin  Og  sin  Og  I 

r,  cos  (0,  —  o,)  rs  cos  (Og  ~  aj)  J  ’ 

'  =  4l^^(™2a,  +  sin2«p. 

Regarding  0"2,  a"2,  ^"2  in  ( 2)  as  functions  of  a2,  we  in  fact  reduce  the  solution 
of  system  (1)  and  (2)  to  the  solution  of  the  equation  ®  (02)  =  0  onthe  segment 

po.  — y]'  should  first  seek  the  segment  [oJ,4+”J  on  which  (D(a2)  =  0  has  a 

root  (oo  =  Qo  iAa2t  i  =  1,  2,  ....  A02  being  the  difference  between  the  values 
of  a  at  two  preceding  points  on  the  shock),  and  then  on  this  segment  find 
by  quadratic  interpolation  a  new  value  of  o  so  that  (D  {02)  vanishes. 


0  1  2  3  t  5”“ 

FIGURE  4.  Jet  boundary  for  Mo=  2.5, 

=  3,0  No  shock  formed  in  the  region 
in  question 


I - 1 - 1 - 1 - > - ^ - 1 _ U-. 

0  I  e  8  w  n  n 

FIGURE  5.  Jet  boundary  forAIjj=3.0, 
^b  ~  5.2867.Intersection  of  similar 
characteristics  was  ignored 


FIGURE  6.  Jet  boundary  and  the  shock 
for  Mf,=  1.5,  2.9996 


FIGURE  7.  Jet  boundary  and  shock  forAfo=3.0, 

=  5.2867,The  dash-dot  line  gives  a  shock  whose 
origin  is  defined  as  the  intersection  point  of  the 
boundary  characteristic  of  the  fan  with  the  first 
characteristic  reflected  from  the  jet  boundary; 
circles  mark  the  results  obtained  with  the  inter¬ 
section  of  the  fifth  reflected  characteristic 


5.  The  numerical  calculations  were  carried  out  on  the  STRELA 
computer  at  the  Computational  Center  of  the  Moscow  State  University.  The 
results  of  calculations  were  plotted  graphically.  In  all  cases,  x  was  taken 
as  1.4.  Figures  4  —  6  give  the  results  of  calculations  carried  out  with  the 
object  of  checking  both  the  accuracy  of  our  work  and  the  accuracy  of  the 
results  in  /2/.  Figure  4  gives  the  shape  of  the  jet  boundary  for  ^^o=2.5, 
Mb=3.0.  No  shock  formed  in  the  calculated  region  of  the  jet.  The  results 
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published  in  /2/  are  shown  as  circles.  We  see  from  the  graph  that  the  two 
sets  of  calculations  are  closely  identical  in  the  isentropic  case.  Figure  5 
gives  the  shape  of  the  jet  boundary  for  Mo  =3.0,  Mb  =  5.2867.  The  solid  line 
marks  the  jet  boundary  obtained  in  calculations  in  which  intersections  of 
similar  boundaries  were  ignored.  The  crosses  mark  the  boundary  obtained 
in  exact  calculation  (also  see  Figure  10).  A  divergence  in  the  results 
becomes  noticeable  only  at  a  comparatively  large  distance  from  the  nozzle 
outlet,  when  the  shock  is  fairly  intense.  The  results  from  /2/  (marked  by 
circles)  show  a  higher  discrepancy,  which  is  apparently  due  to  the 
inaccuracy  of  the  method  of  shock  calculation  used  in  this  work.  This  is 
also  shown  in  the  analysis  of  the  data  plotted  in  Figure  6.  The  solid  lines 
in  this  figure  mark  the  jet  boundary  and  the  shock  for  Mo=1.5,  Mb-2.9996 
obtained  by  exact  calculation.  The  results  of  calculation  in  a  finer  grid 
(halved  spacing)  are  indicated  by  crosses.  The  divergence  between  these 
two  sets  of  data  is  insignificant.  On  the  other  hand,  the  results  of  /2/,  shown 
by  circles,  show  a  greater  discrepancy. 


FIGURE  8.  Jet  boundary  for  Mq-  2.5,  Mb  =  2.7 
(curve  1);  3.0  (curve  2);  3.3  (curve  3); 

3.5  (curve  4);  4,0  (curve  5) 


FIGURE  9.  Jet  boundary  forMo=  1.6,  Mb=  1.8 
(curve  6);  2.0  (curve  7);  2.3  (curve  8); 

2.5  (curve  9);  3.0(curve  10) 


Z6  Z8 


FIGURE  10.  Characteristic  grid  for  Mo-  3.0,  M|j-  5.2867.  The  free  boundary  and  the  shock 
are  marked  by  thick  lines 


Calculations  were  made  to  determine  the  effect  of  an  error  in  the 
position  of  the  point  of  origin  of  the  shock  on  the  accuracy  of  the  results. 
Examination  of  Figure  7  shows  that  the  point  of  origin  of  the  shock  can  be 
determined  very  roughly’!'.  The  dash-dot  line  gives  the  shock  whose  origin 
is  determined  as  the  intersection  point  of  the  boundary  characteristic  of 
the  fan  with  the  first  characteristic  reflected  from  the  jet  boundary;  the 
circles  plot  the  results  obtained  when  the  fifth  reflected  characteristic  is 


*  A  similar  conclusion  was  reached  in  /3/  in  calculation  of  "suspended”  shock  waves  in  one-dimensional 
problems  of  gas  dynamics. 
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substituted.  The  difference  in  the  coordinates  of  the  "points  of  origin"  of 
the  shocks  (especially  as  regards  the  abscissa)  is  fairly  large.  This, 
however,  has  virtually  no  effect  on  the  shape  of  the  jet  boundary,  and  both 
shocks  merge  at  a  certain  distance. 

Figures  8  and  9  show  how  the  jet  boundary  varies  with  Mq  remaining 
constant.  In  all  the  cases  no  shock  formed  in  the  region  in  question. 

Figure  10  gives  the  characteristic  grid  for  Mq  =  3.0,  =5.286  7.  The 

free  boundary  and  the  shock  are  marked  by  thick  lines. 
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11,  BOUNDARY  LAYER 


L.A.  Chudov 

REVIEW  OF  BOUNDARY-LAYER  STUDIES  CARRIED  OUT  AT 
THE  COMPUTATIONAL  CENTER  OF  MOSCOW  STATE  UNIVERSITY* 


During  1959  -1962  some  30  numerical  investigations  of  bound  ary- layer 
problems  were  carried  out  at  the  Computational  Center  of  Moscow  State 
University  under  the  general  guidance  of  Academician  G.  I.  Petrov  with  the 
participation  of  workers  from  some  other  organizations,  as  well  as  graduate 
and  undergraduate  students  of  the  Moscow  University.  These  studies  cover 
a  very  wide  range,  and  besides  their  theoretical  and  methodical  value  most 
of  them  also  have  direct  applied  interest.  The  problems  were  solved  by 
a  variety  of  numerical  methods  (reduction  to  a  system  of  ordinary  equations, 
series  expansions,  difference  methods,  etc. ). 

The  reviewed  solutions  are  grouped  according  to  the  computational 
procedures  employed.  Some  points  concerning  the  physical  statement  of 
the  problems  are  occasionally  discussed,  but  the  practical  conclusions  not 
at  all. 


I.  SELF-SIMILAR  PROBLEMS.  ANALYTICAL  METHODS 

V.S.  Avduevskii  and  E.  I.  Obroskova  /!/  considered  the  boundary  layer  in 
a  compressible  gas  flow  over  a  plane  permeable  plate  with  gas  inblow 
(without  dissociation  and  chemical  reactions);  the  inblown  gas  (hydrogen  or 
argon)  strongly  differs  in  its  physical  properties  from  the  embient  gas 
(air).  The  binary -mixture  approximation  was  used  to  compute  the  diffusion. 
An  exact  numerical  solution  of  the  problem  was  obtained  for  self-similar 
boundary  conditions  on  the  plate  (constant  surface  temperature;  inblow 
velocity  proportional  to  where  x  is  the  downstream  coordinate  along 

the  plate).  The  profiles  obtained  in  the  solution  of  this  self- similar 
problem  were  used  in  the  same  work  in  numerical  computations  with  the 
method  of  integral  relations  for  non -self -similar  boundary  conditions  (in 
particular,  with  constant  inblow). 

E.  I.  Obroskova  and  E.  N.  Starova  /1 3/,  considered  the  same  physical 
statement  of  the  problem  with  regard  to  the  critical  point,  when  the  problem 
is  also  self-similar,  and  the  solution  is  reduced  to  that  of  a  bound  ary -value 
problem  for  a  system  of  ordinary  differential  equations.  As  in  some  other 
works,  this  bound  ary -value  problem  was  solved  by  the  method  of  iterations, 
applying  the  forcing  function  method  for  the  solution  of  every  particular 


♦  Lecture  delivered  at  the  Conference  on  Numerical  Methods  in  Gas  Dynamics,  Moscow,  March  1962. 
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equations.  (Third  order  equations  in  the  stream  function  can  also  be 
conveniently  solved  by  the  forcing  function  method. ) 

The  next  four  works  are  of  particular  interest  in  elucidating  certain 
questions  pertaining  to  the  physical  statement  of  bound  ary -value  problems 
in  many -component  gases. 

A.  B.  Karasev  /2/  computed  the  boundary  layer  near  the  critical  point 
in  a  ternary  mixture  (atomic  oxygen,  molecular  nitrogen,  and  silicon 
oxide),  which  forms  on  the  wall  and  is  entirely  inblown  into  the  boundary 
layer.  The  reactions  are  ’’frozen”  in  the  boundary  layer.  The  main 
methodic  purpose  of  the  work  was  to  compare  the  results  obtained  with 
different  representations  of  the  diffusive  fluxes.  Three  alternatives  were 
considered:  Wilke’s  formula,  averaged  Wilke's  formula,  and  simple 
binary  formula.  The  solutions  obtained  in  the  first  and  the  second 
alternatives  differed  insignificantly;  the  third  alternative  showed 
considerable  divergence  from  the  results  of  the  previous  two,  which 
indicates  the  inapplicability  of  the  binary  formula  for  the  computation  of 
ternary  mixtures  of  this  kind. 

N.  A,  Anfimov  /3/  considered  the  boundary-layer  near  the  critical  point 
in  a  many- component  gas.  Computations  were  made  for  the  case  of  five 
components.  The  gas  was  assumed  to  be  in  equilibrium  at  the  wall  and  the 
outer  limit  of  the  boundary  layer,  while  in  the  boundary  layer  the  reactions 
were  "frozen”.  Diffuse  fluxes  were  computed  using  Wilke's  formula.  The 
main  methodic  problem  was  to  establish  the  effect  of  various  physical 
assumptions  adopted  in  the  computation  of  the  transport  properties  of  the 
individual  components  on  the  various  profiles  and  the  heat  conduction. 

Two  interaction  models  were  considered  (rigid  sphere  model,  and  Lennard- 
Jones  potential).  It  was  found  that  the  results  of  computations  substantially 
depend  on  the  procedure  used  in  the  computation  of  the  properties  of  the 
atomic  components.  The  same  work  also  dealt  with  another  methodic 
problem,  namely  the  degree  of  reliability  of  Wilke’s  formula.  It  was  shown 
that  this  formula  may  give  noticeable  deviations  from  the  principle  of  mass 
conservation  (up  to  3%).  An  approximate  method  was  proposed  for 
correcting  this. 

In  /4/  N.  A.  Anfimov  considered  the  boundary-layer  on  a  chemically 
active  surface  near  the  critical  point.  The  main  physical  premises  were 
as  in  /3/,  but  computationally  the  problem  was  much  more  complicated. 

The  number  of  components  was  8;  the  boundary  conditions  on  the  wall  are 
mixed,  i.  e.  ,  as  a  rule  every  unknown  function  (and  its  normal  derivatives) 
enters  in  every  boundary  condition.  The  method  proposed  by  the  author, 
reducing  the  mixed  boundary  conditions  to  simplest  conditions  in  every 
iteration,  ensures  satisfactory  convergence  of  the  iterative  process.  The 
main  attention  was  focused  on  the  rate  of  combustion  under  various 
physical  assumptions  discussed  by  the  author  in  /3/. 

The  two  works  of  V.  I.  Stulov  /5,  6/  investigate  the  boundary  layer  on  a 
plate  with  an  allowance  for  nonequilibrium  dissociation.  Diatomic  gas  is 
considered  under  conditions  close  to  those  of  equilibrium  dissociation. 

Small  variations  are  introduced,  characterizing  the  departure  from 
equilibrium,  and  equations  of  zero  and  first  approximation  are  considered, 
which  are  reduced  to  ordinary  equations.  To  determine  the  concentration 
of  the  atomic  components,  it  is  necessary  to  construct  an  additional 
"bound ary -layer”  solution,  i.  e.  ,  a  rapidly  varying  function  which  converges 
to  zero  at  infinity. 
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B.  M.  Budak,  T.  F.  Bulatskaya,  and  F.  P.  Vasil’ ev  /7/  made  a  numerical 
computation  of  a  certain  self-similar  case  of  the  boundary  layer  on  an 
axisymmetric  body  in  a  compressible  heat-conducting  gas.  This  case  was 
outlined  by  V.  V.  Lunev'i^  The  problem  was  reduced  to  the  solution  of  a 
system  of  two  nonlinear  integro -differential  equations  with  a  parameter, 
which  was  determined  by  solving  a  cubic,  one  of  whose  coefficients 
depended  on  the  solution.  The  iterative  process  was  devised  so  that  at 
every  step  only  a  boundary-value  problem  for  a  linear  differential  equation 
of  second  order  had  to  be  solved.  This  problem  was  solved  by  the  forcing 
function  method. 

We  now  pass  to  the  treatments  by  analytical  methods  (series  expansions). 
I.  P.  Soprunenko  /8/  considered  the  bound  ary -layer  flow  of  an  incopress  ible 
fluid  on  a  slightly  wavy  wall.  The  waviness  of  the  wall  was  described  by 
sinusoidal  perturbations  with  small  amplitude  e.  The  solution  was 
represented  as  a  series  in  powers  of  x.  The  procedure  involves 
simultaneous  linearization  with  respect  to  e.  To  investigate  the  solution 
over  two  waves  of  the  sinusoidal  disturbance,  up  to  40  terms  must  be 
retained  in  the  expansion.  The  expansion  coefficients  are  determined 
by  successively  solving  bound  ary -value  problems  of  linear  differential 
equations.  These  bound  ary -value  problems  were  numerically  solved  by  the 
ranging  method.  The  method  used  in  this  work  can  be  extended  to  the  case 
of  compressible  gas,  but,  as  the  author  observed,  the  resulting  recurring 
system  of  ordinary  equations  is  fairly  cumbersome. 

V,  Ya.  Shkadov  /9/  obtained,  for  the  case  of  incompressible  fluid,  an 
expansion  of  the  stream  function  in  terms  of  some  dimensionless 
combinations  containing  the  velocity  V^(x)  and  its  derivatives.  Analogous, 
but  more  complicated,  expansions  were  constructed,  under  certain 
restrictions,  for  the  case  of  compressible  gas.  It  is  noteworthy  that  the 
practical  use  of  this  method  on  electronic  computers  involves  considerable 
difficulties  owing  to  the  complexity  of  the  right-hand  sides  of  the 
differential  equations  defining  the  expansion  coefficients. 

Series  expansion  of  the  solution  in  complicated  problems  seems  to  lead 
invariably  to  cumbersome  and  non-standard  computations  which  are  not 
suitable  for  electronic  computers. 


11.  DIFFERENCE  METHODS 

Application  of  difference  schemes  to  the  solution  of  particular  problems 
of  the  boundary  layer  was  preceded  by  works  mainly  of  methodic 
significance.  The  system  of  equations  describing  the  boundary  layer  in  a 


*  See  Lunev,  V.  V.  Avtomodel' nyi  sluchai  giperzvukovogo  obtekaniya osesimmetrichnogo  tela  vyazkim 
teploprovodnym  gazom  (Self-Similar  Hypersonic  Flow  of  Viscous  Heat-Conducting  Gas  Past  an  Axisym^ 
metric  Body).  — PMM,  Vol.24  (3):  554  -  550,  1960, 
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compressible  many- component  gas  can  be  represented  by  the  following 
scheme; 


'  dx  ^  ‘  ay 


{i=h  2,....py, 


~  (pu)  4-  ~  (pv)  =  0. 


(A) 

(B) 


The  coefficients  of  equations  in  group  (A),  i.  e.  ,  6.,  depend  on  the 

unknown  functions  «/,  which  include  the  horizontal  velocity  component  u 
and  the  concentrations  of  the  various  components,  and  also  on  the  vertical 
velocity  component  v.  The  free  term  depends,  in  the  general  case, 
on  the  unknown  functions  and  their  first  derivatives  with  respect  to  y. 

Since  the  coefficients  ai  vanish  at  the  wall,  it  is  natural  to  approximate 
equations  (A)  by  an  implicit  six-point  difference  scheme  which  is  stable 
as  0.  The  continuity  equation  (B),  from  which  v  is  determined,  is 

essentially  an  ordinary  equation  (in  y),  and  therefore  (B)  can  be 
approximated  by  any  stable  difference  scheme.  The  nonlinearity  of  system 
(A),(B)  makes  it  necessary  to  iterate  on  every  jt-layer,  to  ensure  second- 
order  accuracy  in  Ax. 

In  /1 0, 11,  1 2/,  L.  A.  Chudov,  I.  Yu.  Brailovskaya,  and  I.  I.  Gezenko 
studied  in  detail  the  various  methodic  problems  arising  when  this  scheme 
is  used  (choice  of  mesh  size,  iteration  convergence,  special  features  of 
computation  near  the  wall  and  the  outer  limit  of  the  boundary  layer, 
accuracy  estimates).  The  study  was  carried  out  by  varying  the  mesh  size 
and  the  number  of  iterations,  and  also  by  comparing  the  results  of 
difference  computations  with  the  solutions  obtained  by  other  methods. 

Similar  methodic  problems  were  later  considered  by  T.  S.  Varzhanskaya 
and  E.  I.  Obroskova  /13/. 

The  Moscow  University  undergraduate  students  Ma  Yen-wen  /14/  and 
Kuo  Ching-tang  /15/  and  the  graduate  student  Hsu  Chiu-yuan  /16/  considered 
some  problems  related  to  the  application  of  difference  schemes  to  the 
computation  of  the  boundary  layer  near  the  separation  point.  In  /14/  it 
was  shown  that  the  basic  difference  scheme  described  in  /lO/  can  be  used 
to  approach  the  separation  point  very  closely.  This,  however,  calls  for 
many  more  iterations  to  compute  v,  owing  to  the  unbounded  increase  of 

du 

the  derivative-^  •  In  /15,  16/  some  procedures  of  accelerating  the 
convergence  of  iterations  were  studied.  It  was  shown  in  /14/  that  the 
results  of  numerical  computations  confirm  the  asymptotic  formulas  of 
L.  D.  Landau  for  u,  v  near  the  separation  point*. 

In  /1 6/  these  formulas  were  used  to  improve  the  numerical  computation 
by  suitable  transformation  of  the  unknown  functions. 

The  expediency  of  using  schemes  of  4-th  order  in  ^  is  discussed  in  /15/. 

It  is  shown  that  these  schemes  approximate  equations  of  the  type  (A)  with 
very  few  grid  points,  without  essentially  complicating  the  computational 
procedure.  However,  this  sparse  grid  turns  out  to  be  insufficient  for  the 
integration  of  the  continuity  equation  (B),  and  it  is  therefore  advisable 
to  replace  v  by  some  other,  smoother  function. 

*  See  Landau,  L.  D.  and  E.  M.  Lifshitz.  Mekhanika  sploshnykh  sred  (Mechanics  of  Continuous  Media), 

2nded,  Ch.lV,  §40.  -  GITTL.  Moskva.  1963. 
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The  methodic  investigations,  aind  also  the  experience  gained  in  the 
solution  of  bound  ary -value  problems  in  two-component  gas  /lO,  11/  helped 
in  progressing  toward  the  solution  of  various  particular  problems. 

V.  M.  Paskonov  /1 7/  developed  for  the  STRELA-4  computer  a  standard 
program  for  the  solution  of  the  system  of  equations  (A),  (B)  according  to 
the  difference  scheme  described  in  /lO,  11/.  This  standard  program  can 
be  conveniently  used  in  the  compilation  of  specific  programs  for  the 
solution  of  various  boundary-layer  problems  reducible  to  system  (A),(B). 

We  shall  now  briefly  describe  some  particular  projects.  The  problem 
of  the  two-component  boundary  layer  in  the  statement  proposed  by  /!/  was 
considered  in  /lO,  11/  for  the  case  of  a  plane  plate  and  constant  inblow, 
and  in  /1 3/,  near  the  critical  point.  The  self- similar  solution  is  deter¬ 
mined  in  /1 3/  by  the  method  of  steadying.  The  solution  of  partial 
differential  equations  determined  by  more  or  less  arbitrary  conditions 
at  =  Owill,  in  suitable  variables,  converge  to  the  self-similar  solution 
as  TO* 

M.  G.  Merzlyakova  and  G.  A,  Bed  a  /18/  computed  a  liquid  boundary  layer 
on  the  surface  of  a  truncated  cone.  The  coordinate  system  used  the  limit 
of  the  liquid  boundary  layer  as  a  coordinate  line.  In  this  system  of 
coordinates  the  thickness  of  the  boundary  layer  is  constant. 

E.  I.  Obroskova  and  V.  M.  Paskonov  /1 9/  studied  a  many- component 
compressible  boundary  layer  with  combustion  at  the  wall  and  radiation. 

The  problem  is  stated  as  follows.  A  porous  plane  plate  is  immersed  in  a 
stream  of  oxygen.  Hydrogen  is  fed  through  the  plate,  which  burns 
entirely  on  its  surface.  Inside  the  boundary  layer  there  is  a  mixture  of 
water  vapor  and  oxygen  which  at  certain  temperatures  is  capable  of 
emitting  and  absorbing  radiant  energy. 

I.  M.  Soprunenko  and  V.  M.  Paskonov  /20/  studied  the  boundary  layer  in 
an  incompressible  fluid  on  a  wavy  surface.  The  problem  was  posed  as  in 
/8/,  but  solved  directly,  using  a  difference  scheme.  The  main  attention 
was  devoted  here  to  establishing  a  relationship  between  the  magnitude 
of  waviness  and  the  separation. 

In  /21/  T.  F.  Bulatskaya,  for  the  physical  problem  of  /4/,  computed 
the  boundary  layer  on  the  lateral  surface  of  a  blunt  body  immersed  in  a 
high-temperature  flow  of  dissociated  air.  A  comparison  is  given  of  the 
results  obtained  with  rates  of  diffusion  computed  by  two  different  methods: 
Wilke's  formula  and  Hirschfelder's  formula. 

V.  M.  Paskonov  and  Yu.  V.  Polezhaev  /22/  considered  unsteady  melting 
of  a  viscous  material  near  the  critical  point.  The  system  of  equations  in 
this  problem  reduces  to  (A),  which  is  then  solved  by  the  standard  program. 
Interesting  results  were  obtained  concerning  the  time  required  to  reach 
steady  melting. 

T.S.  Varzhanskaya and  E.  I.  Obroskova  /23/  computed  a  two -component 
bound  ary -layer  with  inblow,  which  was  described  by  a  discontinuous 
(piecewise -const ant)  function.  It  was  shown  that  the  standard  difference 
scheme  is  adequate  also  in  the  presence  of  such  discontinuous  boundary 
conditions.  This  work  raised  an  interesting  theoretical  question  regarding 
the  conditions  for  applicability  of  the  bound  ary -layer  equations  in  similar 
problems  (see  Section  III). 

The  standard  program  for  the  solution  of  boundary-layer  equations  can 
also  be  applied  to  a  nonstationary  two-dimensional  boundary  layer.  In 
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/24/.  V.  M.  Paskonov  and  S.  I.  Serdyukova  considered  the  problem  of 
propagation  of  disturbances  in  an  incompressible  boundary  layer  on  a  plate 
The  disturbances  are  set  up  by  periodic  variations  in  the  normal  velocity 
component,  confined  to  a  small  interval  on  the  leading  edge  of  the  plate. 

In  conclusion  of  this  section,  we  should  mention  two  studies  employing 
different  difference  approximations,  V.  G.  Gromov  /25/  considered  the 
boundary  layer  on  a  plate  in  a  many- component  mixture  of  gases  (oxygen, 
nitrogen,  hydrogen,  water  vapor)  with  combustion  in  the  flame  front.  A 
coordinate  system  moving  with  the  flame  front  was  used.  The  derivatives 
in  directions  perpendicular  to  the  wall  were  approximated  using  many- 
point  formulas  (separate  approximations  for  the  regions  separated  by  the 
flame  front,  employing  all  the  points  in  the  respective  regions). 

The  system  of  ordinary  equations  (in  the  second  independent  variable) 
was  solved  by  the  Runge-Kutta  method.  Kh.  S.  Kestenboim  /26/  applied 
a  similar  method  to  the  problem  of  a  two-component  boundary  layer 
(hydrogen -air)  with  constant  inblow. 


III.  SOME  PROBLEMS  OF  BOUNDARY -LAYER  THEORY 

The  solution  of  some  of  the  problems  discussed  in  the  previous  section 
raised  certain  theoretical  questions.  For  example,  in  /lO/  it  was  shown 
that  the  depth  of  the  diffusive  and  the  temperature  boundary  layers  can 
be  several  times  greater  than  the  thickness  of  the  dyna.mic  boundary  layer. 
This  means  that  computations  must  be  made  in  the  region  where  the 
horizontal  velocity  component  u  virtually  coincides  with  the  given  ve  ocity 
of  inviscld  flow  u„(x).  If  the  vertical  component  v  is  determined,  as  is 
usually  done,  from  the  continuity  equation,  then  with  Uoo(x)¥=  const,  an 
absurd  result  is  obtained;  as  y  boundlessly  increases  m  absolute 

value.  When  the  temperature  and  the  diffusive  layers  are  fairly  thick, 
i.  e. ,  when  y  is  large,  this  circumstance  can  have  considerable  influence 
on  concentration  and  temperature  profiles  far  from  the  wall. 

The  classical  boundary  layer  theory,  with  its  conception  of  the 
asymptotic  boundary  layer,  neglects  the  problem  of  construction  of  a 
”global«  approximation,  i.e.,  a  solution  applying  near  the  boundary  as  well 
ai  in  the  region  of  main  flow.  It  is  easily  seen  that  the  asymptotic  solution 
cannot  be  matched  continuously  with  the  solution  of  inviscid  flow  past  a 
wall.  For  some  problems  of  modern  aerodynamics,  the  classical 
conception  of  the  boundary  layer  is  inadequate,  and  more  complete 
allowances  must  be  made  for  the  effects  of  viscosity,  and  in  particular 
its  influence  on  the  main  flow.  The  problem  arises  of  obtaining  better 
approximations  with  regard  to  viscosity  both  near  the  body  and  far  from 
it.  The  methods  available  in  the  literature  for  matching  the  boundary 
layer  with  the  inviscid  flow  solution  are  also  inadequate,  since  in  the 
best  case  a  continuous  solution  (without  continuous  derivatives)  is  obtained 
for  u(x,y)  only,  while  v(x.  y)  remains  discontinuous  at  the  limit  of  the 

boundary  layer.  -r  t-M 

L.  A.  Chudov,  applying  the  procedure  developed  by  M.  I.  Vishik  and 

L.  A.  Lyusternik,  constructed  zero  and  first  approximations  in  the  parameter 
e  =yTfor  the  case  of  two-dimensional  steady  incompressible  flow  past 
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a  flat  plate  /27/.  These  approximations  are  represented  by  functions  which 
are  continuous  and  smooth  in  the  entire  flow  domain.  Residuals  of  zero 
and  first  approximations  were  computed.  It  was  shown  that  higher 
approximations  in  e  can  be  analogously  obtained.  A  comparison  of  the 
zero  approximation  with  the  asymptotic  solution  of  Prandtl's  equations 
furnished  an  explanation  for  the  previously  mentioned  paradoxical 
behavior  of  v. 

Of  considerable  practical  significance  is  the  problem  of  stabilization 
of  the  solution  in  x.  In  many  problems  the  initial  profiles  of  all  the 
quantities  (for  x  =  0)  are  only  known  in  a  rough  approximation.  However, 
seeing  that  the  boundary- layer  equations  are  parabolic,  we  can  assume 
that  the  difference  of  two  solutions  for  different  initial  conditions  will 
rapidly  decrease  as  x  increases.  Numerical  tests  of  the  rate  of 
stabilization  of  solutions  were  carried  out  by  V.  M.  Paskonov  and 
L.  G.  Isaeva  /28/. 


BIBUOGRAPHY 

1.  AVDUEVSKII,  V.S.  and  E.I.OBROSKOVA.  Issledovanie  laminarnogo  pogranichnogo  sloya  na  poristoi 

plastine  s  uchetom  teplo-  i  massoobmena  ( A  Study  of  Laminar  Boundary  Layer  of  a  Porous  Plate  with 
Heat  and  Mass  Transfer).  —  Izv.  AN  SSSR,  Seriya  mekhaniki  i  mashinostroeniya,  No. 4,  1960. 

2.  KARASEV,  A. B.  Reshenie  uravnenii  pogranichnogo  sloya  v  perednei  kriticheskoi  tochke  troinoi  smesi 

(Solution  of  Boundary  Layer  Equations  at  the  Frontal  Critical  Point  of  a  Ternary  Mixture).  —  Izv. 

AN  SSSR,  Seriya  mekhaniki  i  mashinostroeniya.  No. 6.  1961. 

3.  ANFIMOV, N. A.  Laminarnyi  pogranichnyi  sloi  v  mnogokomponentnoi  smesi  gazov  v  okrestnosti 

kriticheskoi  tochki  (Laminar  Boundary  Layer  in  a  Many-Component  Gas  Mixture  Near  the  Critical 
Point).  —  Izv. AN  SSSR,  Seriya  mekhaniki  i  mashinostroeniya,  No.l.  1962. 

4.  ANFIMOV, N. A.  Laminarnyi  pogranichnyi  sloi  na  khimicheski  aktivnoi  poverkhnosti  (Laminar  Boundary 

Layer  on  Chemically  Active  Surface).  —  Izv. AN  SSSR,  Seriya  mekhaniki  i  mashinostroeniya,  No. 3. 
1962. 

5.  STULOV,  V.N.  Pogranichnyi  sloi  na  plastine  s  uchetom  neravnovesnoi  dissotsiatsii  (Boundary  Layer  on 

a  Plate  with  Nonequilibrium  Dissociation).  —  Izv.  AN  SSSR,  Seriya  mekhaniki  i  mashinostroeniya. 

No. 3.  1962. 

6.  STULOV,  V.N.  Teploperedacha  v  laminarnom  pogranichnom  sloena  plastine  s  uchetom  khimicheskoi 

neravnovesnosti  (Heat  Transfer  in  Laminar  Boundary  Layer  on  a  Plate  with  Chemical  Nonequilibrium).  — 
Izv.  AN  SSSR,  Seriya  mekhaniki  i  mashinosuoeniya,  No. 6.  1961, 

7.  BUDAK,B.M.,  T, F.BULATSKAYA,  and  F. P. VASIL’ EV.  Numerical  Solution  of  a  Boundary- Value 

Problem  for  the  System  of  Nonlinear  Integro-Differential  Equations  of  a  Hypersonic  Boundary  Layer.  — 
This  volume. 

8.  SOPRUNENKO,I.P.  Pogranichnyi  sloi  na  volnistoi  stenke  (Boundary  Layer  on  a  Wavy  Wall).  —Izv. AN 

SSSR,  Seriya  mekhaniki  i  mashinostroeniya,  No.  2.  1962. 

9.  SHKADOV,  V.Ya.  Ob  integrirovanii  uravnenii  pogranichnogo  sloya  (On  Integration  of  Boundary- Layer 

Equations).  —  DAN  SSSR,  Vol.  126,  No.4..  1959. 

10.  BRAILOVSKAYA,  1. Yu.  and  L.  A. CHUDOV.  Reshenie  uravnenii  pogranichnogo  sloya  metodom  setok 

(Solution  of  Boundary-Layer  Equations  by  Difference  Methods).  —  Otchet  VTs  MGU.  1960. 

11.  BRAILOVSKAYA,  1. Yu.  and  L.  A. CHUDOV.  Reshenie  uravnenii  pogranichnogo  sloya  raznostnym  metodom 

(Solution  of  Boundary- Layer  Equations  by  Difference  Methods).  —  In:  " Vychislitel'nye  metody  i 
programmirovanie”,  Izdatel'stvo  MGU .  1962. 


63 


12.  GEZENK0,I.I.  M. Sc. thesis.  —  MGU.  I960. 

13.  VARZHANSKAYA,T.S.,  E.l.OBROSKOVA,  and  E.N.STAROVA.  Boundary  Layer  Near  the  Critical 

Point.  —  This  volume. 

14.  MA  YEN-WEN,  M.Sc.  Thesis. —MGU.  1961. 

15.  KUO  CHING- TANG.  M.Sc.  Thesis  -MGU.  1961. 

16.  HSU  CHIU-YUAN.  Unpublished  work.  —  MGU .  1961. 

17.  PASKONOV.  V.M.  Standard  Program  for  the  Solution  of  Boundary-Layer  Problems.  -This  volume  (see 

also  Otchet  VTs  MGU.  1961). 

18.  MERZLYAKOVA.M.G.  and  G.A.BEDA,  Raschet  zhidkogo  pogranichnogo  sloya  na  bokovoi  poverkhnosti 

prituplennogo  konusa  (Computation  of  a  Liquid  Boundary  Layer  on  the  Lateral  Surface  of  a  Truncate 
Cone).  -  Otchet  VTs  MGU.  I960. 

19  OBROSKOVA  E  I.  and  V.M, PASKONOV.  Raschet  szhimaemogo  pogranichnogo  sloya  s  goreniem  i 
izlucheniem  (Computation  of  a  Compressible  Boundary  Layer  with  Combustion  and  Radiation) ,  - 
Otchet  VTs  MGU .  1962. 

20.  PASKONOV.  V.M.  and  I.P.SOPRUNENKO.  Boundary  Layer  on  a  Slightly  Wavy  Wall.  -  This  volume. 

21  BULATSKAYA.  T.  F.  Laminarnyi  Pogranichnyi  sloi  v  mnogokomponentnoi  smesi  gazov  na  bokovoi 

poverkhnosti  tela  ( Laminar  Boundary  Layer  in  a  Many- Component  Gas  Mixture  on  the  Lateral  Surface 
of  a  Body).  -  Otchet  VTs  MGU,  1962. 

22.  PASKONOV,  V.M.  and  Yu. V.POLEZHAEV.  Unsteady  Melting  of  a  Viscous  Material  near  Stagnation 

Point.  —  This  volume. 

23.  VARZHANSKAYA.T.S.  and  E.l.OBROSKOVA.  Raschet  pogranichnogo  sloya  pri  naUchii  vduva, 

opisaemogo  razryvnoi  funktsiei  (Computation  of  Boundary  Layer  with  Gas  Inblow  Described  by  a 
Discontinuous  Function).— Otchet  VTs  MGU.  1962. 

24.  PASKONOV,  V.M.  and  S.I. SERDYUKOVA.  Dvumernyi  pogranichnyi  sloi  s  nestatsionarnym  vduvom 

(Two-Dimensional  Boundary  Layer  with  Nonstationary  Inblow).  -Otchet  VTs  MGU.  1961. 

25.  GROMOV,  V.G,  M . Sc .  thesis .— MGU .  1961. 

26.  KESTENBOIM,  Kh.S.  M.Sc.  thesis.  —  MGU .  1961. 

27.  CHUDOV,  L.  A.  Some  Shortcomings  of  Classical  Boundary-Uyer  Theory.  -  This  volume. 

28.  PASKONOV,  V.M.  and  L.G. ISAEVA.  Vliyanienachal’ nykh  profile!  na  razvitie  pogranichnogo  sloya 

(The  Effect  of  Initial  Profiles  on  the  Development  of  Boundary  Layer).  —  Otchet  VTs  MGU.  1962. 


64 


L.A.  Chudov 


SOME  SHORTCOMINGS  OF  CLASSICAL 
BOUNDARY- LAYER  THEORY 


1,  The  classical  theory  of  the  boundary  layer  is  concerned  with  the 
flow  of  viscous  fluid  which,  as  the  viscosity  v  approaches  zero,  tends  to 
some  "limiting"  ideal-fluid  flow  in  the  entire  subdomain  which  excludes 
boundary  points  of  the  flow  domain.  It  is  assumed  that  for  small  v  the 
entire  flow  domain  can  be  divided  into  the  "main  domain",  where  the  flow 
differs  little  from  the  limiting  flow,  and  the  so-called  boundary  layer  — 
narrow  regions  situated  along  various  parts  of  the  boundary,  where  the 
viscous  flow  differs  greatly  from  the  limiting  one  and  is  described  by  the 
appropriate  boundary-layer  equations. 

A  fairly  rigourous  and  convincing  derivation  of  equations  describing 
bound  ary -layer  flow  was  given  by  Prandtl  for  the  case  of  a  boundary  layer 
on  an  impermeable  boundary.  The  extension  of  these  equations  to  some 
other  cases  of  boundary  layers  was  purely  formal.  For  example,  in  the 
case  of  a  permeable  boundary,  one  of  the  basic  premises  of  Prandtl  — 
that  the  normal  velocity  component  vanishes  at  the  wall  —  is  not  valid. 

We  are  thus  faced  with  the  question  of  applicability  of  Prandtl  equations 
already  in  this  simple  and  practically  very  common  case^^ 

Similar  questions  arise  in  connection  with  other  applied  problems. 

No  analysis  has  been  made  for  boundary  layers  whose  structure  is 
substantially  different  from  that  of  the  boundary  layer  on  an  impermeable 
wall.  As  an  example  we  can  mention  the  boundary  layer  forming  at  the 
outlet  of  a  rectangular  channel  under  certain  natural  boundary  conditions. 
Unlike  the  Prandtl  boundary  layer,  its  thickness  is  of  the  order  of  v  and 
it  is  described  by  ordinary  differential  equations. 

The  investigation  of  the  conditions  of  applicability  of  the  classical 
bound  ary -layer  equations  and  study  of  other  types  of  boundary  layers, 
especially  in  cases  of  compressible  gases,  becomes  more  urgent  as  the 
problems  of  bound  ary -layer  theory  grow  in  complexity. 

Very  little  has  been  done  on  the  problem  of  boundary  conditions 
consistent  with  the  equations  of  the  boundary  layer.  We  shall  not  dwell 
here  on  the  question  of  determination  of  initial  conditions  on  the  line  x  =  xo 
(in  the  following  we  use  the  conventional  designations  of  boundary-layer 
theory).  We  shall  only  discuss  the  conditions  specified  on  the  "outer 
face"  of  the  boundary  layer. 


*  It  can  be  shown  that  the  Prandtl  equations  apply  if  the  normal  velocity  component  at  the  wall  is  of  the 
order  of  VV . 
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In  practice,  the  asymptotic  Prandtl  boundary  conditions  are  often  used, 
which  in  the  simplest  case  of  viscous  incompressible  flow  near  a  plane 
wall  have  the  following  form:  as  y-*  oo.ii  (x,  y)  -^U  (x),  where  U  {x)  is  the 
tangential  component  of  the  "limiting"  flow  at  the  wall.  It  is  well  known 
that  if  V  (x)^  const,  these  conditions  lead  to  a  paradoxical  result:  as  we 
move  away  from  the  wall,  the  normal  velocity  component  v  increases 
indefinitely.  In  some  cases  (computation  of  a  many -component  boundary 
layer),  this  physically  meaningless  behavior  of  v  may  seriously  distort 
the  results  (see  /I /,p.  94). 

Some  papers  and  text  books  also  consider  boundary  conditions  based  on 
the  introduction  of  a  certain  spurious  "interface”  of  the  bound  ary -layer. 

The  conditions  specifying  the  position  of  this  "interface"  are  physical  y 
unsound  in  our  opinion.  Some  alternatives  of  these  conditions  cannot  be 
realized  altogether  at  finite  distances  from  the  wall  owing  to  the  simple 
properties  of  the  solution  of  the  boundary-layer  equations.  (Such,  for 

example,  are  the  conditions  u{x,6)=U{x),  =  0.  advanced  in  /2/).  The 

construction  of  a  "global"  approximate  solution,  i.  e.  ,  a  solution  applying 
throughout  the  flow  domain,  is  hardly  touched  in  the  classical  treatments. 
The  description  is  mostly  confined  to  a  general  sketch  of  the  structure  of 
the  solution  for  small  v.  It  is  easily  seen  that  in  the  general  case  it  is 
impossible  to  construct  a  continuous  and  smooth  (in  all  components) 
approximate  solution  by  matching  the  "limiting"  flow  and  the  solution  of  the 

classical  bound  ary -layer  equations. 

In  some  problems  of  aerodynamics,  the  "feedback"  reaction  of  the 
boundary  layer  on  the  main  flow  is  by  no  means  negligible  (see,  e.g.,  /3/). 
Investigations  of  this  problem  are  in  fact  mainly  concerned  with  the 
construction,  in  the  "main  domain",  of  the  next  approximation  in  the 
parameter  e=V^ .  Applied  problems  thus  mainly  require  higher 

approximations  in  e.  .  •  u  i  • 

physical  considerations  and  some  mathematical  analogies  with  nnear 
differential  equations  with  small  coefficients  of  the  leading  derivatives 
indicate  that  we  may  regard  as  an  approximation  of  order  n  any  system 
of  sufficiently  smooth  functions  (u,  v,  p)  defined  in  the  entire  flow  domain 
and  satisfying  the  Navier-Stokes  equations  and  the  boundary  conditions  of 
viscous  flow  with  residuals  of  the  order  of  6"+'  *•  Known  methods  for 
matching  the  boundary  layer  on  a  plane  wall  with  the  "limiting  flow",  as 
we  have  already  observed,  do  not  ensure  continuity  and  smoothness  of  the 
approximate  solution.  The  residual  arising  when  this  solution  is  substituted 
into  the  Navier-Stokes  equation  contains  singular  terms  of  the  type  of  the 
6 -function  or  its  derivatives.  This  is  clearly  not  something  inherent,  but 
due  to  an  imperfection  of  the  method.  It  is  now  natural  to  ask  how  in 
general  may  sufficiently  smooth  approximations  of  any  order  in  e  be 
constructed  throughout  the  flow  domain  in  the  above  sense.  The  main 
object  of  this  article  is  to  demonstrate  that  all  these  questions  can  be  ^ 
resolved  by  the  procedure  developed  in  the  familiar  work  of  M.  L  Vishik 
and  L.  A.  Lyusternik  (see,  e.g.,  /4,  5/).  Formally,  the  main  difference 
between  this  procedure  and  the  approach  of  classical  bound  ary -layer  theory 

+  The  present  mathematical  theory  of  viscous  incompressible  flow  is  unable  to  bear  this  out  by  providing 
estimates  of  the  difference  between  the  exact  and  the  approximate  solutions.  Our  definition  of  the 
approximate  solution  of  order  n  is  thus  incomplete,  giving  no  indication  as  to  the  norms  for  measuring 
the  residuals. 


66 


consists  in  that,  in  Vishik  and  Lyusternik's  method,  the  equations  are 
written  not  for  the  approximate  solution,  but  for  the  "corrections"  to 
smooth  solutions  obtained  from  the  Navier-Stokes  equations  by  formal 
expansion  in  terms  of  the  small  parameter  e  with  an  allowance  for  the 
boundary  conditions  of  the  "limiting"  flow.  The  "corrections"  are 
introduced  for  every  section  of  the  boundary  separately,  to  ensure  that  the 
boundary  conditions  of  viscous  flow  are  satisfied.  These  are  smooth 
functions  which  rapidly  fall  off  to  zero  as  we  move  away  from  the 
corresponding  part  of  the  boundary.  The  approximation  is  therefore 
automatically  continuous  and  smooth. 

In  this  paper  we  consider  the  simplest  case  of  viscous  incompressible 
flow  near  a  plane  impermeable  wall.  The  zero  approximation  is  constructed 
using  the  Vishik- Lyusternik  method.  A  relationship  is  established  between 
the  equations  obtained  and  the  Prandtl  equations,  the  paradoxical  behavior 
of  o  as  t/  ^  cx>  in  the  asymptotic  Prandtl  solution  is  explained,  and  a  simple 
procedure  is  indicated  for  the  construction,  from  this  solution,  of  a 
continuous  and  smooth  approximate  solution  valid  in  the  entire  flow  domain. 
Equations  and  boundary  conditions  are  derived,  specifying  the  first 
approximation  in  the  "main  domain". 

2.  Consider  plane -parallel  viscous  incompressible  flow  near  a  flat 
surface.  Let  the  x-axis  be  directed  downstream  along  the  plane,  and  the 
y-axis  perpendicular  to  the  surface.  The  surface  will  be  regarded  as 
impermeable.  We  write  the  Navier-Stokes  equations,  setting  v  =  e^,  and 
the  boundary  conditions  for  the  corresponding  part  of  the  boundary: 


...  V  du  ,  du  ,  \ 

A^i  (w,  r,  e)  =  M  —  +  H - 

‘ '  dx  dy  p 

P-B.  —  e^Au  =  0; 

dx 

(1) 

...  .  (3o  1  ,  1 

N,(U.  V,  p, 

^  =  0; 

% 

(2) 

...  X  du  .  dv 

ufy.Q  =  0; 

y/y-o  =  0. 

0; 

(3) 

(4) 

(5) 

Following  Vishik  and  Lyusternik’s  procedure,  we  shall  seek  an 
approximate  solution  oT  the  problem  as  a  sum  of  two  series  in  terms  of  e. 
The  first  series,  called  the  smooth  part  of  the  approximation,  is 
constructed  using  functions  independent  of  e.  Recurrence  relations  defining 
these  functions  in  n-th  order  approximation  are  chosen  so  that  the  smooth 
part  satisfies  equations  (1),  (2),  (3)  with  a  residual  of  the  order  of  8"+' . 

On  the  relevant  stretch  of  the  boundary  the  smooth  part  of  the  approximation 
corresponds  to  the  boundary  condition  of  inviscid  flow,  i.  e.  ,  =  0.  However, 

the  smooth  part  of  the  approximation  does  not  satisfy  the  boundary 
condition  (5).  This  is  remedied  by  the  second  series,  which  comprises 
local  functions,  i.  e. ,  functions  depending  on  x  and  n  =  ^  rapidly 

converging  to  zero,  with  any  derivatives  with  respect  to  x  and  r],  as 
T)  -♦oo  .  This  series  is  called  the  local  part  of  the  approximation. 
Recurrence  relations  for  the  successive  terms  of  the  local  part  of  the 
approximation  are  constructed  so  that  the  local  part  of  the  residual. 
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obtaining  when  the  sum  of  the  smooth  and  the  local  parts  of  the  approxima¬ 
tion  is  substituted  in  equations  (1),  (2),  (3),  also  has  the  order  of 
3.  As  the  smooth  part  of  the  zero  approximation  we  take  the 
corresponding  «limiting"  solution.  Let  the  velocity  components  and  the 
pressure  for  this  solution  be  Uo(x,y),vo(x,y),  po(x,y).  To  satisfy  boundary 
condition  (4),  we  set  in  the  zero  approximation  u  =  wo  +  «o,  where  «o  is  a 
local  function.  Inserting  this  equation  for  u  in  the  continuity  equation  (3) 
and  applying  condition  (5),  we  find 

v  =  va{x,y)  —  ^~dy^v„(x,y)  —  ej^dr],  (6) 

0 

where  iq  =  —  .  Let 


From  (6)  we  have 

v  =  Vo  {x,  y)  4-  eUo  {x,  'll)  +  (^)-  (  9) 


(7) 


(8) 


If  ua  is  a  local  function,  then  from  (8)  VQ{x,r[)  is  also  a  local  function. 
Inserting  u  —  uo  uo,  v  ~  vo  -{■  eDo  +  euo.  p  —  po  in  the  left-hand  side  of  (1),  we 
obtain  three  groups  of  terms: 


I  I  ^ 

dy  p 


(10) 


(«.  +  -o)^+  (««  +  +  “0  ^ 


d^Ur 


dy^ 


dy^ 


Ohio 

dx^ 


(11) 

(12) 


Sum  (10)  vanishes  by  the  definition  of  Uo,  va.  po-  The  terms  in  (12)  will  be 
regarded  as  the  residual  of  the  zero  approximation  and  considered  in  detail 

later  on.  The  second  group,  (11),  is  transformed  by  substituting  i1  ==  Y* 


(u„(x:,  eTi)  +  «„(x,  ’1)1-^+  ^’l)  +  + 


4*  «o  {x,  1^) 


dx 


d*«Q  {x.  If))  c  t  c 
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where 


So  =  [u,  (X,  0)  +  U„  (X,  tOl  + 

s.  =  l«,  ST,)  -  «o  (X.  0)1  + 


(13) 


(14) 


The  terms  entering  Si  will  be  combined  with  residual  of  zero  approximation. 
Setting  5o  equal  to. zero  and  combining  this  equation  with  (7),  (8),  and  the 
continuity  equation  (3).  we  arrive  at  a  system  of  equations  of  zero 
approximation.  We  write  this  system  in  terms  of  the  original  variable  y, 

and  set  et^o  =  euo  +  (jc) : 


+  ^0 


The  boundary  conditions  are 


0)  ^2  ^*“0  _  Q 

dx  dy^ 

(15) 

(16) 

(«0  + Wo)i(-o  =  0. 

(17) 

(t'o  +  £“^0)^-0  =  0, 

(18) 

«o  0  as  y  00 . 

(19) 

It  is  easily  seen  that  equations  (15),  (16)  with  boundary  conditions  (17),  (18), 
(19)  do  not  determine  uo,  m  uniquely.  We  shall  moreover  assume  that  for 
some  X  =  xo  the  function  wo  is  known: 


UqIx^xo  =  9o  (■n)’ 


(20) 


where  <po  is  a  local  function*. 

4.  Let  us  compare  the  zero  approximation  with  PrandtLs  asymptotic 
solution  of  the  classical  boundary-layer  equations.  This  solution  satisfies 
the  following  equations  and  boundary  conditions: 


du 


Upr 


Pr 

dx 


du 


Pr 


Pr 


du 


+ 


dpQjx,  0) 
dx 


d^u 


Pr 


dy* 


=  0; 


(21) 


*  We  shall  assume  that  boundary- value  problem  (15)-(20)  has  a  unique  solution  uoin  some  interval  xo<x<.Xi, 
this  solution  being  a  local  function.  With  some  additional  restrictions,  this  assumption  can  be  proved 
following O. A. Oleinik  /6/, 
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,  £^>1^  0; 

<22) 

dx  dy 

Upr  {x,  0)  =  0; 

(23) 

Vpr  {X,  0)  =  0; 

(24) 

Upr  {x,  00 )  =  Uo{X,  0) 

(25) 

(uo(Jc,f/),  VQ{x,y),  Pfi{x,y),  as  before,  denote  the  components  of  the  corresponding 
limiting  solution  of  the  equation  of  inviscid  flow). 

We  introduce  "increments"  upr,  EWpr  defined  by 

Upr  ^UQ{X,0)-{‘Upr, 


Vpr 


0) 


(27) 


Inserting  (26),  (27)  in  (21)  and  (22),  and  also  in  (23),  (24),  (25),  and  applying 
the  equations  of  inviscid  flow  relating  ao,  Po,  we  obtain  for  up„  wpr  the 
equations  (15),  (17)  with  boundary  conditions  (1 7)^  (1 8),  (19),  originally 
written  for  the  functions  of  zero  approximation  wo,  Let  the  functions 

uprand  Uq  coincide  for  x  —  Xq,  Then,  if  the  corresponding  uniqueness 
theorem  applies,  upr=  ua,  &w  pr— bwq.  Comparing  upr,  with  the  zero 
approximation  =  uo  +  wo,  =  wo  +  we  find 


u(0)  =  upr  +  (Wo  y)  — 

1,(0)  =  vpr-\-^Vo{x,  y)—y 


Uoix,  0)). 

(28) 

dvp  (x,  0)  \ 

(29) 

dy  }' 

It  follows  from  (28)  and  (29)  that  the  asymptotic  solution  [upryVpr )  will 
describe  a  solution  of  the  problem  of  viscous  flow  with  errors  of  the  order 

e  only  for  those  y  for  which  the  differences y)  —  UQ{x,  0)  andt;o(jf,  t/)  — ^ 

do  not  exceed  e  in  order  of  magnitude. 

We  now  also  have  an  explanation  of  the  paradox  of  increasing 
boundlessly  in  absolute  value  as  y  oo  if 


Bvq  (x,  0)  _  _  dup  (x,  0)  Q 
dy  dx  ^  ' 


The  zero  approximation  constructed  in  the  preceding  section  is  free  from 
the  restriction  imposed  on  y  when  the  asymptotic  solution  is  used.  It  is 
noteworthy  that  owing  to  (28)  and  (29)  the  zero  approximation  can  be 
constructed  from  the  asymptotic  solution,  so  that  the  numerical  computa¬ 
tions  can  be  made  with  the  aid  of  the  various  approximate  methods 
developed  for  the  classical  Prandtl  equations  (21),  (22)  with  boundary 
conditions  (23),  (24),  (25). 

5.  We  shall  now  show  that  the  residual  of  the  zero  approximation  is  of 
the  order  of  e.  The  residual  of  the  zero  approximation  for  equation  (1) 
consists  of  the  terms  written  out  in  (12)  and  (14). 
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We  write  separately  the  smooth  and  the  local  parts  of  the  residual, 
and  in  the  process  isolate  the  terms  which  are  of  first  order  relative  to 
e.  The  smooth  part  of  the  residual  of  order  e  is 

^AAx.y)  =  ^v,(x)^^.  (30) 


The  smooth  part  of  the  residual  of  order  is 


^^0  _ 

dx^  dw® 


The  local  part  of  the  residual  of  order  e  is 

.Cl  =  ^  + 

dy  oy  ox 

^  2  ^  at/®  a^)  dxdy 

The  local  part  of  the  residual  of  order  is 


.SD,  {x,  %  +  [«o  (X.  cri) 

—  u„{x,0)- 

dy  ]  dx  6  L 

_  dvo {x,  0) 

Oy 

duo  (x,  0) 

"  2  '  J  +  [  a. 

dx 

_a*«o(^.o)i:r  >  ^;r  eti) 

du^{x,0)l 

(33) 

dy  J  * 

Let  us  now  compute  the  residual  for  equation  (2).  This  equation  was  used 
with  e  =  Oto  construct  the  functions  wo,  Po,,  i.  e. ,  the  smooth  part  of  the 
zero  approximation.  The  smooth  part  of  the  residual  therefore  contains 
no  terms  of  zero  order  in  e.  As  regards  the  local  part  of  the  residual, 
it  contains  the  terms 

«o  +  ^0  ^)'  (34) 


which  are  formally  of  zero  order  in  e.  This  is  so  because  equation  (2)  has 
not  been  used  in  the  construction  of  the  local  part  of  the  zero  approximation. 
However,  it  is  easily  seen  that  in  fact  these  terms  are  of  first  order  of 
smallness  relative  to  e:  we  apply  condition  (5)  and  rewrite  them  in  the  form 


0)-  A  0;  +  [AlA 

dx  dy  dy  dy)  L 

r  ,  ,  (>•.  0)  1  a  ~ 

+  k(^,  eiq)-e,)— ^J— t-o. 


gc^o  (x,  CT]) _  d^Vn  {x,  0) 

dx  dx  dy 


We  now  treat  the  residual  of  equation  (2)  as  we  have  done  for  equation  (1), 
The  smooth  part  of  the  residual  of  order  e  is 


{X,  y)  =  «0  ~  (^^0  {X))  +  ix) 
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The  smooth  part  of  the  residual  of  order  (and  higher)  is 


y,  e)  = 


£2  _  £2  gS  ^^0 

dx^  dy*  dx^ 


The  local  part  of  the  residual  of  order  e  is 

eCj(A;,  T))  =  u,(x,  0)  (e?„)  °*  +et>o(4+‘Pol+ 

+  ^  Ml  ST  ^  -f  ^ 

The  local  part  of  the  residual  of  order  E2(and  higher)  is 
{x,  7);  e)  =  [u^  (at,  eTj)  —  [x,  0)  ]  ~  (etT^)  4 

;  r  ^^0 

«L  dy 


+  e^o 


£•/))  dvp  (x,  0)  ~1  __  ^3  d^Vp 
dx^ 


dy 


(35) 


(36) 


Equation  (3)  satisfies  the  zero  approximation  exactly,  i.  e.  ,  its  residual 
vanishes. 

6.  The  zero  approximation  satisfies  the  boundary  conditions  for  y  ==  0 
exactly.  On  other  parts  of  the  boundary,  the  increments  «o,  eVo-^-evcfx) 
introduce  an  additional  residual  into  the  boundary  conditions.  The  in¬ 
crement  Wo,  according  to  our  assumptions,  converges  to  zero  for  s  0 
faster  than  any  power  of  e,  while  the  increment  euo  +  is  of  the  first 
order  relative  to  e.  Following  the  Vishik-Lyusternik  procedure,  we 
could  have  "truncated”  the  increments  uo,  ewo  +  using  a  smooth 
"truncating"  function  independent  of  e.  The  smooth  parts  of  the  residuals 
of  equations  (1),(2)  would  change,  but  nevertheless  retain  the  previous 
orders  relative  to  e,  and  a  residual  of  the  order  of  e  would  appear  in 
equation  (3).  We  shall  not  follow  this  course,  since  our  approach  is  fully 
consistent  with  the  possibility  of  a  residual  of  the  order  of  e  in  the  boundary 
conditions,  too.  In  what  follows,  in  the  first  approximation  this  residual 
can  be  eliminated  by  replacing  it  with  a  residual  of  the  order  of  e^. 

The  smooth  part  of  the  first  approximation  is  sought  in  the  form 
u  =  Wo  +  eW],  V  =  Vo-{-  EVi,  p  ==  po  4-  epi.  Inserting  these  expressions  in  (1),  (2), 

(3),  applying  the  definitions  of  «o.  vo,  po,  and  dropping  all  terms  of  second 
order  relative  to  e,  we  obtain  equations  of  the  first  approximation  for  the 
smooth  part: 

Uq  (eu  )  4  Vq  (eWi)  4  £Wi  4  EVi  4  i^Pi)  = 

dx  dy  dx  dy  dx 

“o  4  +  ‘’o  ^  :r  "" 

dx  dy  dx  dy  dy 

4  + 4 

dx  dy 


0; 


(37) 
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We  demand  that  the  normal  velocity  component  vanish  at  =  0  for  the  sum 
of  the  smooth  part  of  the  first  approximation  and  the  local  part  of  the  zero 
approximation.  We  then  obtain 


=  0  for  t/  =  0. 

Since  e^o  +  =  0  for  i/  =  0  according  to  (18),  then  for  the  smooth  part 

of  the  first  approximation  we  have  the  boundary  condition 

t'o  +  ==  €t?o  {x)  for  y  =  0.  (38) 

Condition  (38)  indicates  that  when  constructing  the  smooth  part  of  the  first 
approximation  the  normal  velocity  component  is  taken  equal  to  the 
increment  acquired  by  this  component  in  the  zero  approximation  "at  the 
limit  of  the  boundary  layer",  or,  more  precisely,  sufficiently  far  from  the 
wall,  where  the  local  part  e^ocan  be  neglected. 

Note  that  in  some  treatments  of  the  effect  of  the  boundary  layer  on  the 
main  flow  a  boundary  condition  analogous  to  (38)  is  given,  not  at  the  wall, 
but  on  a  certain  line  away  from  the  wall  a  distance  of  the  order  of  the 
"thickness"  of  the  boundary  layer,  i.  e. ,  a  distance  of  the  order  of  e.  It  is 
easily  seen  that  the  difference  in  the  definition  of  the  boundary  conditions 
introduces  an  effect  of  the  order  of  e*,  which  is  insignificant  as  far  as  the 
first  approximation  is  concerned. 
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V.M.  Paskonov 


A  STANDARD  PROGRAM  FOR  THE  SOLUTION  OF 
BOUNDARY- LAYER  PROBLEMS 


The  system  of  equations  describing  the  flow  of  a  viscous  compressible 
gas  in  the  boundary  layer,  with  all  the  unknown  functions  depending  on  two 
space  coordinates  x,  y,  can  formally  be  reduced  to  the  following  form 
(see  /!/) : 


=  0.  (j  =  1,2,...,  k). 

dx  dy 


Equation  (2)  is  the  ordinary  continuity  equation  where  u  and  v  are, 
respectively,  the  longitudinal  and  the  transverse  velocity  component,  p 
the  density.  System  (I)  contains  k-\-  Unknowns,  namely  v  and  {i  =  1,2,...  k). 
Note  that  one  of  the  h  should  identically  coincide  with  a,  since  the  equation 
of  motion  can  always  be  brought  to  form  (1).  It  is  assumed  that  the 
coefficients  may  depend  on  v,  and  various  combinations 

of  their  derivatives.  The  standard  form  (1)  suits  not  only  the  equation  of 
motion,  but  also  the  energy  equation  (the  equation  of  the  temperature 
boundary  layer),  the  diffusion  equations  for  each  component  (equations  of 
continuity  for  every  individual  component)  when  we  are  concerned  with  a 
flow  of  a  multicomponent  gas  mixture  in  the  boundary  layer,  and  the 
radiative  balance  equation  when  we  are  concerned  with  radiative  transfer 
in  the  boundary  layer.  System  (I)  also  describes  the  boundary  layer 
behavior  for  the  oblique  flow  of  a  compressible  gas  past  a  cylinder  or,  with 
some  approximation,  for  the  gliding  of  a  wing  of  finite  span  under 
conditions  of  zero  lift.  The  flow  in  a  wake  is  also  described  by  system  (I). 
The  class  of  problems  considerably  increases  if  the  diverse  boundary 
conditions  which  can  be  imposed  on  system  (.1)  are  taken  into  consideration. 
For  purposes  of  numerical  solution  of  this  extensive  class  of  problems  it 
is  desirable  to  have  a  standard  program  which  would  enable  the  entire 
system  (I)  or  at  least  the  system  (1)  to  be  integrated  for  various  boundary 
conditions,  various  coefficients  Oi,  Cj,  d^,  6^,  and  various  dependence  of  p 
on  the  unknown  functions  or  their  derivatives.  This  standard  program  was 
evolved  at  the  Computational  Center  of  the  Moscow  State  University  for 
the  STRELA  computer.  The  standard  program  is  so  written  that  it  even 
permits  the  application  of  certain  difference  schemes  for  the  solution  of 
nonstationary  boundary  layer  problems. 
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Ab  in  /2/,  the  system  (I)  is  solved  by  a  difference  method.  Equation  (1) 
is  approximated  by  a  two -layer  implicit  six-point  scheme.  A  rectangular 
grid  is  chosen  on  the  {x,  y)  plane 

x  =  Xo-\-nAx,  y  =  m^y,  (m,  rt  =  0,  1,  2,  . . .), 

flnd  an  auxiliary  net 


X  =  Xn  +  n^x. 


y^{m  +  Va)  At/, 


X  =  jto  +  (rt  +  V2)  ^x,  y  -  mAt/, 


(m,  n  =  0,  1,  2... .) 


Note  that  the  mesh  spacings  ^x  and  At/  may  vary,  depending  on  the  behavior 
of  the  solutions  of  system  (I). 

The  coefficients  a.,  b^,  d^,  e^are  computed  at  the  auxiliary  grid  points 

(the  "half- integral”  or  "central”  points). 

we  write  the  finite -difference  approximation  of  equation  (1)  in  the  form 

=  {1(1  -  s,) (/f-i,  -/?-')  +  s, (/?„+,  -  f"j]  c?-;/.,  - 

- 1(  1  -  (/?.{’  -  ti,) + s/  (/"„  -  /?„-,)]  + 

+  +  C'’ !('  - fV  +  (3) 

where  the  averaging  parameter  can  be  chosen  differently  for  each 
equation  <  l)  •  Note  that  (3)  can  be  written  in  the  form 


where 


I  imf im+\ 


System  (3),  together  with  finite -difference  approximation  of  the 
boundary  conditions,  specifies  the  values  of  on  layer  n,  if  the  values 
of  f I  on  the  preceding  {n —  l)-th  layer  and  the  values  of  0,,  Cp  dp  at  the 
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corresponding  points  are  known.  This  system  is  solved  by  the  forcing 
method’^^. 

The  solution  of  system  (I)  is  thus  found  successively  on  every  layer. 
To  find  fi  on  the  n-th  layer,  we  first  calculate  the  forcing  coefficients  in 
the  recursion  formula 


from  the  equalities 


_ Tim 

HmMm  +  Pim 

+  P/m 


(5) 

(6) 


Aiq  and  are  found  from  finite-difference  approximation  of  the  boundary 
conditions  at  y  =  Integration  of  particular  systems  of  the  type  (I)  may 
prove  the  necessity  of  increasing  or  decreasing  A^.  The  program  allows 
doubling  or  halving  of  the  mesh  size  ^y.  To  maintain  the  recursion  formula 
(5)  at  points  where  Ae/ is  replaced  by  2Ai/or  V2Ai/,  the  forcing  coefficients 
are  computed  from  equalities  which  somewhat  differ  from  (6).  If  the 
mesh  spacing  between  the  {m  —  2)-th  and  the  {tn~  l)-th  points  and  between  the 
{m~-  l)-th  and  the  m-th  points  is  At/,  while  the  spacing  between  the  m-th  and 
the  (m+  l)-th  points  is  2A^,  the  derivatives  with  respect  to  y  in  equation  (1) 
are  approximated  at  the  m-th  point  using  the  (m— 2)-th,  m-th,  and(/n+l)-th 
points,  and  the  coefficients  are  computed  from  the  formulas 


Am  — 


T/m 


D  _  ®im  —  “/m  (5^m— i^/m— 2  +  ^im— 2) 

- 


Aim — yAlm - tittlm  “f"  6/» 


where  o^.^,  77^*  determined  from  (4)  with  m— 2  substituted  for 

m—  1  and  2\y  for  ^y  . 

When  the  mesh  size  changes  at  the  m-th  point  from  ^y  to  ^k^y,  i.  e. ,  when 
the  spacing  between  the  (m— l)-th  and  the  m-th  points  is  At/ and  between 
the  m-th,  (m-|-l)-th,  and  (m-j-2)-th  points  it  is  V2Ai/,  the  derivatives  with 
respect  to  y  in  (1)  are  approximated  at  the  m-th  point  using  the  (m — l)-th, 
m-th,  and  (m+2)-th  points,  and  the  coefficients  are  computed  from 


A 


im 


= 


_ Ttm  _ _ 

T^m+1  (“/m+i'^im— 1  +  P/m)  —  T/m®im+i 
ilm+\  ^Im —  —  Tlm^im+i 

7im+l(«/m+i^/m— 1  +  ^im) —  T/m®im+i 


The  quantities  a ^^should  be  determined  from  (4)  with  m+2 
substituted  for  m+  1  and At/  for  At/;  Ytm+i,  ^t/Ti+iare  also  determined 

from  (4)  when  m  is  substituted  for  m  —  1,  m  -}-  Ifor  m  ,  m  -|-  2for  m  -f  I,  and 


e.g.,  I .  S .  Berezin  and  N .  P .  Zhidkov,  Metody  vychisleniya  (Numerical  Methods),  Vol.  II.  Fizmatgiz, 
Moskva,  1959,  and  later  editions.  ] 
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■—  At/  for  A^.  The  program  allows  5  regions  with  different  ^yj{j=  1,  2,  ...  5) 
in  one  layer:  intervals  of  length  Ay^,  intervals  of  length  At/a  =  ~  A^i  (or 

At/a  ==  2At/i), . mj  intervals  of  length  At/s  =  --  A1/4  (or  ^y^  =  2A^4). 

£ 

Given  the  forcing  coefficients  (t=l,  2,  ...  k\  m=0,l,  Af— 1;  M+1 

being  the  number  of  points  in  the  ( «— l)-th  layer)  on  the  n-th  layer  and 
applying  the  boundary  conditions  at  the  outer  face  of  the  boundary  layer 
(for  m=M)t  we  can  find  at  the  n-th  layer.  However,  seeing  that  as  x 
increases  the  boundary  layer  may  become  thicker,  we  should  before  solving 
(5)  for  fi  at  all  the  grid  points,  check  for  one  of  the  functions  [(  for  the 
matching  condition 

I  I  fi'M  1  i  frM~i  1 1  (7) 

where  e  is  a  small  positive  number.  If  this  condition  is  not  satisfied  on  the 
/i-th  layer,  a  point  with  Ay=yM—yM~i  is  added  and  the  coefficients  AiM^ 
are  found;  in  computing  these  coefficients,  the  limit  values  of  are  used 
at  all  unknown  points.  We  thus  add  in  the  n-th  layer  as  many  points  as 
necessary  to  ensure  smooth  matching  for  the  two  last  points  of  the  layer. 
Addition  of  many  points  in  the  n-th  layer  generally  shows  that  Ax  is  too 
large,  in  condition  (7)  is  the  function  with  the  maximum  thickness  of 
the  asymptotic  boundary  layer.  This  choice  of  the  test  function  should  be 
verified  in  every  particular  problem  by  numerical  computations. 

The  continuity  equation  (2)  is  approximated  by  the  difference  equation 

i(p<  -  (p“)r '1 + ~  [((“t+i  -  (p“)i+v  + 

+  ^(P<+'{--(P<-''-]  =  0.  (8) 

If  the  functions  ,  p  are  known  at  all  grid  points  on  the  n-th  layer  and 
can  be  found  from  the  lower  boundary  condition  for  the  transverse 
velocity  component,  equation  (8)  enables  to  be  found  for  m— 1,  2,  ...,  M', 
where  Af'is  the  number  of  intervals  in  the  n-th  layer  {Ai'>  M). 

The  coefficients  a^,  6^,  in  system  (I),  as  indicated  above,  can 

depend  on  v,  fi,  and  various  combinations  of  their  derivatives.  They  are 
found  at  auxiliary  points  using  linear  interpolation  over  v  and  h  and  the 
principal  points.  We  thus  have  to  compute  a^,  d^,  e^on  the  n-th  layer 

as  functions  of  unknown  functions.  This  is  carried  out  by  iteration  in  the 
usual  way.  In  the  first  approximation  the  values  of  a  function  on  the 
(n—l)  -th  layer  are  assumed  for  the  corresponding  points  of  the  n-th  layer. 

Systems  (I)  of  different  particular  problems  differ  in  their  coefficients 
ai,  bi,  Cf,  ei,  in  definitions  of  density  p,  in  boundary  conditions  at  y  =  0 
for  f,  (different  formulas  for  and  for  v,  and  in  upper  boundary 

conditions  for  fi.  All  these  calculations  should  be  performed  using  special 
subroutines,  which  can  be  incorporated  in  the  main  program.  These 
subroutines,  as  a  rule,  perform  simple  arithmetic  operations  and  are 
compiled  for  every  particular  problem  anew.  The  core  addresses  of  these 
subroutines  are  given  by  referencing  the  standard  program  according  to 
77  SP  /3/: 


77 


X 

X 

4004 

^csa 

0 

77 

x+1 

®csa 

^.csa 

Z^max 

r 

mi 

x  +  2 

Pcsa 

Pcsa 

k 

k 

x  +  3 

Icsa 

^csa 

N 

is 

X  -J-  4 

^csa 

**csa 

i' 

U 

tn^ 

X  +  5 

<Az/i>  <Aa:> 

<^> 

h 

mg 

Here  acsa,pcsa,Ycsa.Scsa-^csa-Pcsa.3-re  the  core  Starting  addresses  of  the  subroutines 
for  the  calculation  of  the  following  functions:  1)  (initial  conditions 

for  t/=0);  2)  a«-Vs  3)  4)  (upper  boundary 

conditions);  5)  6)  p^_i,  p”. 

is  the  core  starting  address  of  the  subroutine  which  is  referenced  after 
every  iteration.  This  subroutine  can  be  compiled,  for  example,  so  that 
it  would  control  the  convergence  of  iterations  and  suitably  adjust  the 
interval  Ax,  etc. 

^csa  is  the  core  starting  address  of  a  subroutine  which  is  referenced  after 
a  required  number  of  iterations  (this  number  is  specified  in  the  subroutine 
described  before)  or  after  a  pre-determined  number  N  of  iterations 
included  in  referencing  the  program.  This  subroutine  is  generally  used 
for  controlling  the  computations,  for  finding  the  unknown  functions  from 
the  solution  obtained  on  the  /z-th  layer,  for  modifying  the  intervals  Ax 
and  Ay,  printing  out  results,  etc. 

The  initial  data  fed  into  the  computer  include  the  number  of  equations  (1), 
k]  the  number  of  the  equation  for  which  condition  (7)  should  be  checked,  i'; 
the  core  address  of  the  word  where  the  e  of  condition  (7)  is  stored,  <e>; 
the  core  addresses  of  the  words  where  Az/iand  Ajcare  stored,  <  A^i  >,  <  Ax>\ 
the  maximum  permissible  number  of  points  in  a  layer,  the  number  of 

Az// intervals  in  the  initial  layer,  ruj  (/==1,  2,  , . . ,  5;  =  0,  if  —  0  and 

k>l,  =  1,  2,  5). 


1,  if  Ay  is  constant; 


otherwise. 


5 

then  jM  =  2  '^J- 
/=! 


iq  — 


0, 

1. 


if 

if 


Ayg  =  2Ay^_i . 


(q  =  2,  3.  4,  5} 


The  standard  program  occupies  1146  words  of  memory.  When  using 
the  program,  memory  space  should  be  allocated  to  the  working  program 
(0424  words),  to  the  (rz— ])-th  layer  (^M,na^+14  words),  to  the  n-th  layer 
(2/2(AJ;„„  +  1)-1- 1  words),  tothe  storage  of  s^  ikl  words,  where  I  is  the 
number  of  intervals  with  different  Ayj  in  the  layer).  When  SSP-2  /3/  is 
used  the  program  can  be  loaded  anywhere  in  the  computer  memory. 

The  standard  program  can  also  be  used  to  solve  systems  of  type  (1); 
a  possibility  is  provided  of  bypassing  the  part  of  the  program  where 
equation  (2)  is  integrated. 
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V.  M.  Paskonov  and  I.  P.  Soprunenko 


BOUNDARY  LAYER  ON  SLIGHTLY  WAVY  WALL 


In  formulating  problems  of  boundary -layer  flow  it  is  sometimes 
necessary  to  make  allowance  for  the  waviness  of  the  contact  surface. 
Even  slight  waviness  will  produce  periodic  fluctuation  of  pressure.  This 
has  a  considerable  effect  on  bound  ary -layer  flow,  may  lead  to  separation 
of  the  boundary  layer,  and  to  onset  of  turbulence. 

A  solution  of  the  problem  of  potential  flow  on  a  wavy  wall  with 

sinusoidal  profile  i/=aosin  is  given  in  /!/  {x,  y  define  Cartesian 

coordinates  with  ;c-axis  parallel  to  the  incident  flow).  Assuming  the  wave 
amplitude  gq  to  be  small  in  comparison  with  the  wavelength  X,  the 
expression  for  the  downstream  velocity  component  of  the  incompressible 
gas  flow  can  be  written 


«  ^  Vo,  +  2iraVo,  sin^^e  , 


(1) 


and  the  expression  for  the  pressure  on  the  wall  as 

p  =  Pco  —  2icap^ sin  ^ , 


(2) 


where  a  = -^  is  the  dimensional  amplitude,  poo,  po.,  are  the  pressure, 
density,  and  velocity  at  infinity. 

The  problem  of  bound  ary- layer  flow  on  a  slightly  wavy  wall  was  solved 
in  /2/  assuming  linearity  in  a  and  expanding  the  stream  function  in  powers 
of  x;  the  expansion  coefficients  were  taken  as  functions  of  the  characteristic 


variable 


yi  =  y 


—  is  the  kinematic  viscosity,  \i  viscosity, 
p 


p  density).  It  was  found  that,  depending  on  the  amplitude  a,  the  boundary 
layer  will  separate  at  the  first,  second,  etc. ,  ridge.  For  each  wave  there 
exists  an  amplitude  a=a^  such  that  for  all  a<a*no  separation  occurs,  while 
for  all  a  >  a*  the  boundary  layer  will  separate  at  this  ridge.  The  value  of 
fl^for  the  first  ridge  was  found  equal  to  0.011,  and  separation  occurred  at 

Y  =0.6125;  for  the  second  ridge,  0.0055,  with  separation  at  y  =  1.6. 

In  /3/  the  following  criterion  is  given  for  the  separation  of  a  laminar 
boundary  layer: 


^  JL  -  9  (3) 

Ox  U^IJ. 
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where  ua  is  the  velocity  at  the  outer  face  of  the  boundary  layer.  Assuming 
a  pressure  distribution  (2),  and  bound  ary-layer  thickness  on  the  plate 

8  5  5.  -  -  ( Re^  ^  ,  we  find  that  according  to  criterion  (3) 

r  \  V-  j 

separation  should  first  occur  at  a*=  0.0032  at  the  point  -^=0.52  of  the 

first  ridge,  and  at  0.0011  at  the  point  ~=  1.515  of  the  second  ridge. 

The  present  work  was  carried  out  with  the  purpose  of  establishing, 
by  the  difference  method,  the  values  of  a*  at  which  separation  occurs  at 
the  first  and  second  ridges.  All  the  calculations  were  made  with  the 
standard  program  for  solution  of  boundary-layer  equations  /4/. 

Consider  incompressible  gas  flow  in  the  boundary  layer  on  a  wavy  wall 
with  the  ;c-axis  directed  downstream  and  the  i/-ax:is  normally.  The 
pressure  distribution  (2)  is  assumed.  In  the  variables  x,  y  the  problem 
reduces  to  the  following  system  of  equations: 


u 


du 

dx 


y2 

(2tc)*  a  cos 


2nx 

\ 


+  V 


(flu 

dy^ 


(4) 


+-^  =0. 
dx  ^  dy 


Here  u  and  v  are  the  components  of  the  velocity  vector  along  the  x  and  y 
axes.  System  (4)  should  be  integrated  with  zero  boundary  conditions  at 
^=0  (u=0,  t>=0),  while  at  the  upper  face  of  the  bound  ary- layer  u  is  taken 
equal  to  the  longitudinal  component  of  the  potential  flow  velocity  at 

u  =  V«  +  y„  2nasin^. 


Introducing  the  dimensionless  quantities 


X  = 


yV~^ 


u  = 


V  -/W 


pVl 


and  omitting  the  primes,  we  obtain  the  system  of  equations 


u  +  V  ==  (2tc)2  a  cos  2t(x  + 

dx  dy  dy^ 

dx  dy 


with  boundary  conditions 


with  y  —  0. 


u  =  0,  v  =  0 
u~  1+2  jt  n  sin  2n  JT 


(5) 


(6) 


at  the  upper  face  of  the  boundary  layer. 

To  determine  the  values  of  at  the  first,  second,  etc.  ,  ridge,  system 
(5),  (6)  was  integrated  for  various  values  of  a.  As  the  initial  velocity 
profile,  we  assumed  the  values  of  u  and  v  for  x~  0.01  from  the  Blasius 
solution  for  a  plane  plate. 
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An  analysis  of  the  effect  of  mesh  spacing  Ax,  At/  and  of  the  number  of 
iterations  on  the  accuracy  with  which  the  point  of  separation  is  determined 
was  made  for  0.01.  The  number  of  points  on  the  initial  profile  was  21, 
^y  =  0,04.  We  first  made  calculations  with  a  constant  interval  Ax=  0.01 
and  6  iterations.  The  point  of  separation  was  found  to  lie  between  x=  0.53 
and  x=  0.54.  When  approaching  the  separation  point,  a  sharp  increase 
in  the  number  of  points  in  a  layer  was  observed  on  passing  from  layer  to 
layer,  clearly  a  result  of  a  poor  choice  of  the  Ax  interval.  We  there/ore 
made  another  calculation  with  Ax=  0.005,  starting  at  x  -  0.41  and  i^ing 
the  profile  obtained  with  Ax=  0.01,  but  Ay=  0.08.  The  number  o^iterations 
was  again  6.  Up  to  x=  0.46  the  results  of  computations  with  0.01  and 
Ax=  0.005  were  fairly  close,  but  further  on  the  divergence  inpbeased.  The 
point  of  separation  for  Ax=  0.005  was  found  to  lie  between  x=  0.480  and 
X  =  0.485.  Starting  with  the  same  velocity  profiles  for  x=  0.41,  we  made 
another  computation  with  Ax=  0.001.  The  number  of  iterations  was 
increased  to  12.  The  new  velocity  profile  closely  followed  the  preceding 
resultsupto  x=0.46.  The  point  of  separation  shifted  again:  0.479  <  Xsep<  0.480. 


The  convergence  of  iterations  was  investigated  for  x=  0.416  and  in  the 
region  near  the  separation  point,  i.e.,  x=  0.476,  It  was  found  that  the 
convergence  of  iterations  sharply  deteriorated  as  we  moved  away  from 
^  =  0.  A  distinct  deterioration  of  convergence  was  also  observed  near  the 
separation  point.  For  example,  if  we  consider  the  relative  convergence 

of  iterations,  8a,  =  |g  the  iteration  number),  at  points  y=  O.OS 

“i+i 

for  x=  0.416  and  x=  0.476,  then  to  obtain  6a,  <  0.0003  six  iterations 

are  needed  at  x=  0.416  as  compared  with  twelve  at  x=  0.476. 


FIGURE  2.  Velocity  profiles  u  for  a  =  0.003 
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On  the  strength  of  these  results,  in  further  calculations  with  various 
a  we  halved  the  interval  Ax  if  the  number  of  points  in  a  layer  more  than 
doubled,  or  if  the  number  of  iterations  had  to  be  increased  to  more  than 
20  to  satisfy  the  condition  <e  This  condition  (with  e=  0.0003)  was 
checked  at  points  y=^Ay\.  The  (/-intervals  were  made  variable:  the  first 
11  points  on  the  axis  y  were  taken  with  Ayi=  0.04,  the  other  points  with 
Ayz  =  0.08.  Initial  x- interval  was  Ax=  0.01.  As  we  approached  the 
separation  point,  we  gradually  reduced  Ax  until  it  decreased  to  less  than 
0,001.  The  separation  was  thus  pinpointed  to  within  0,001. 

Alternative  claculations  were  made  for  a  =  0.01,  0.008,  0.0065,  0.006, 
0.005,  0.003,  0.002,  0.001.  The  results  show  that  the  amplitude  a*  for 
which  separation  first  occurs  at  the  first  ridge  lies  in  the  interval  0.006  < 
<a*<  0.0065  >  and  at  the  second  ridge,  in  the  interval  0.002<  a*<0.003. 

The  separation  point  for  various  amplitudes  a  varies  as  follows: 


a 

O.OI 

0.008  I 

0,0065 

0.006  ’ 

1  0.003 

,  1 

■*sep  ' 

0.4775 

0.5125 

0.6925 

1  1.45 

1.54 

first  ridge  second  ridge 


For  amplitudes  a  at  which  separation  occurs  at  the  first  ridge,  the 
velocity  profiles  u  flatten  out  toward  the  separation  point  as  x  increases. 

Figure  1  shows  the  velocity  profiles  u  for 
a  =  0.008  (separation  at  first  ridge),  and 
Figure  2,  for  a=  0.003  (separation  at  second 
ridge).  For  the  same  alternatives  Figure  3 
gives  the  thickness  of  the  boundary  layer  6 
against  x ,  as  determined  from  matching 
conditions  (see  /4/).  We  see  from  the  graphs 
that  in  the  first  cas'e  (  a  =  0.008)  the  boundary- 
tStr  ■•y--  .h.rply  »w»d  .to 

a  =  0  003  separation  point;  in  the  second  case,  there  is 

only  a  slight  increase  in  thickness. 

We  should  also  observe  that  for  the 
amplitudes  a  at  which  no  separation  occurred  at  the  first  ridge,  the 
velocity  profiles  u  were  very  close  to  the  profiles  of  the  classical  Blasius 
solution.  For  a=  0.001,  the  two  profiles  coincide  up  to  x=  0.76. 

In  calculations  we  noted  the  number  of  iterations  in  each  layer.  The 
average  number  of  iterations  per  layer  was  found  to  be  2  — 4.  A  somewhat 
higher  number  of  iterations  (5  —  7)  was  observed  at  the  beginning  of  each 
new  alternative.  This  is  due  to  the  fact  that  the  initial  profile  did  not 
satisfy  our  system  of  difference  equations  and  the  first  stage  of  the 
computational  procedure  was  in  fact  devoted  to  establishing  a  solution  of 
adequate  accuracy.  As  we  have  already  observed,  the  number  of 
iterations  sharply  increased  near  the  separation  point.  It  is  remarkable 
that  although  for  a  =  0.005  and  a=  0.006  no  separation  occurred  at  the 
first  ridge,  the  number  of  iterations  increased  (to  6  —  9)  for  0.58  <x<  0.7. 
In  this  interval  boundary-layer  separation  occurred  at  a=  0.0065. 
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UNSTEADY  MELTING  OF  VISCOUS  MATERIAL 
NEAR  STAGNATION  POINT 

General  statement  of  the  problem  of  melting  in  a  high-speed  gas  stream 
leads  to  simultaneous  solution  of  a  system  of  equations  expressing  the 
conservation  of  mass,  momentum,  and  energy  (for  the  gaseous,  liquid, 
and  solid  phases,  respectively). 

Exact  solutions  available  for  some  particular  cases  /I/  show  that  the 
motion  of  the  molten  film  in  itself  does  not  affect  the  gaseous  boundary 
layer.  The  equations  for  the  gaseous  phase  and  for  the  two  other  phases 
can  therefore  be  solved  separately.  This  considerably  simplifies  the 
problem,  and  we  can  assume  that  the  heat  flux  and  the  friction  satisfy 
the  well-known  formulas  for  a  gaseous  boundary  layer  at  a  stationary  wall. 

The  present  paper  describes  an  attempt  of  a  theoretical  computation 
of  the  process  of  unsteady  breakdown  of  a  viscous  glassy  material. 

The  thickness  of  the  liquid  film,  even  in  such  viscous  materials  as 
molten  quartz  glass,  is  much  less  than  the  size  of  the  body,  and  the 
equations  describing  the  moving  film  therefore  have  the  ordinary  form  of 
equations  for  a  laminar  boundary  layer. 

The  density  of  the  melt  is  practically  independent  of  temperature,  and 
the  flow  can  therefore  be  regarded  as  incompressible.  Specific  heat  and 
heat  conductivity  are  also  assumed  constant,  since  their  temperature 
dependence  is  substantially  weaker  than  that  of  the  viscosity  of  molten 
glass. 

The  system  of  equations  of  unsteady  motion  of  the  molten  film  thus 
has  the  form  (in  the  coordinate  system  depicted  in  Figure  1): 


a 

dy 

(w) 

=  0, 

(1) 

+  - 

1 

dp 

4-^ 

d 

(2) 

^  dx 

p 

dx 

p 

dy 

\  dy  } 

dT 

-  4-  u  -f  V 

dT 

=  x 

1 

d^T 

(3) 

a- 

^  dx 

dy 

pCp 

dy^ 

Here  x,  y  are  Cartesian  coordinates;  t  time;  u,  v  the  velocity  components 
along  X,  y  axes;  r  the  distance  to  the  axis  of  symmetry  of  the  body;  T  the 
temperature;  p  the  pressure;  p  the  density;  jx  the  viscosity;  a  the  heat 
conductivity;  Cp  is  the  specific  heat  at  constant  pressure. 

We  now  make  certain  simplifying  assumption. 

1.  If  we  confine  ourselves  to  the  motion  of  the  molten  film  near  the 
critical  point  of  a  bluff  body,  we  may  take  r  =  x,-^  =0,  and  consider  the 
velocity  component  u  to  be  a  linear  function  of  x. 
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2.  Provisional  estimate  show  that  inertia  and  time  terms  in  equation 
(2)  are  of  higher  order  of  smallness  than  the  terms  in  the  right  member. 
Equation  (2)  is  therefore  considerably  simplified.  Seeing  that  in  the 

neighborhood  of  the  critical  point  where  a=  const,  we  can  eliminate 

the  variable  x  and  the  velocity  component  u  from  equations  (1),(2),(3). 


Liquid  film 


FIGURE  1.  Schematic  physical  diagram 
of  flow  and  the  coordinate  system 


The  problem  is  thus  reduced  to  a  system  in  two  independent  variables 
{y,  t)  for  two  unknown  functions  v  and  T\ 


d^v  , 

-^1 

dx^ 

4--^  W 

A 

,  dx 

^  dx  ^ 

dT 

mT 

dx 

pcp 

dy'i 

dy 

(4) 

(5) 


where  is  the  skin  friction  at  the  film  surface,  which  is  assumed  to  be 
known  from  the  solution  of  the  gaseous  boundary  layer. 

Owing  to  the  peculiar  features  of  glassy  materials,  which  do  not  have 
a  fixed  melting  point,  we  should  solve  this  system  simultaneously  in  the 
liquid  and  in  the  solid  phase,  setting  the  boundary  conditions  in  the  form 


for  T  =  0  T  =  T'csa,t^(l/)  =  t'csa; 
fory  =  0  +  =  i-(t)  =  0;  (6) 

for  y  =  CO  T  (x)  —  ~ —  =  0* 

dy 


The  heat  flux  to  the  film,  should  be  known  from  the  solution  of  the 
gaseous  boundary  layer.  If  we  additionally  assume  that  neither  evaporation 
nor  chemical  reactions  with  the  components  of  the  incident  gas  stream 
occur  at  the  surface  of  the  film,  the  heat  transfer  to  this  surface  is  very 
simple  to  calculate,  e.  g.  ,  from  the  well-known  formulas  of  Fay  and 
Riddle  /2/.  Equations  (4),  (5)  with  boundary  and  initial  conditions  (6)  were 
solved  by  the  standard  program  for  the  solution  of  bound  ary -value  problems 
/3/  developed  at  the  Computational  Center  of  the  Moscow  State  University. 
The  equations  were  approximated  by  a  two -layer  six -point  implicit 
scheme  utilizing  a  standard  rectangular  grid  on  the  {y,x)  y=mt^y. 

The  system  of  difference  equations  was  solved  by  the  forcing  method. 
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The  choice  of  the  corresponding  mesh  size  Ai/on  the  initial  layer  was 
based  on  the  analogy  of  this  problem  with  the  problem  of  heating.  Indeed, 
it  is  clear  that  the  moving  film  of  molten  glass  will  appear  on  the  surface 
of  the  body  only  1-2  seconds  after  the  onset  of  heating,  since  the  viscosity 
of  quartz  glass  even  at  2000OK  is  still  very  high  (of  the  order  of  lO^  poise  . 
Known  analytical  solutions  of  the  problem  of  unsteady  heating  of  solids  /4/ 
enable  us  to  determine  the  rate  of  variation  of  surface  temperature  and 
the  depth  of  heating  in  the  first  1  -  2  seconds  before  the  formation  of  the 
liquid  film.  Physical  considerations  show  that  these  rates  at  least  should 
not  increase  after  the  molten  film  has  formed.  On  the  other  hand,  certain 
limitations  on  the  time  interval  are  imposed  by  the  nonlinear  variation  of 
the  heat  flux  with  the  surface  temperature  When  approximating  the 
boundary  conditions  for  the  n-th  time  layer  we  were  forced  to  employ  the 
values  oi  (recalculated  on  the  (/i-l)-th  layer,  and  therefore  the 
difference  (  rS’ )  -  qJT^w"'^)  had  to  be  sufficiently  small. 

For  these  reasons  we  took  At  equal  to  0.02  sec  and  At/  =  1.10  m. 

The  process  of  unsteady  heating  increases  the  region  of  integration,  in 
other  words,  the  number  of  points  on  the  n-th  layer  should  be  greater  than 
or  equal  to  the  number  of  points  on  the  (rt-l)-th  layer. 

A  provision  is  made  in  the  program  for  the  definition  of  the  domain  of 
integration  from  the  condition  of  smooth  matching  of  temperature  with  its 
value  at  infinity  (since  the  temperature  boundary  layer  here  is  much 
larger  than  the  dynamic  layer).  The  number  of  points  on  the  layer  is 
automatically  determined  by  the  inequality 


|ini  -in-,[|<e.  (7) 

where  e  was  set  equal  to  1.  In  some  alternatives  we  even  assumed  e-10, 
since  this  did  not  affect  the  flow  of  the  film. 

The  results  of  test  runs  showed  that  the  time  required  for  a  steady 
regime  of  melting  to  set  in  may  be  as  high  as  15  —  20  seconds.  The 
unsteady-state  curve  leading  to  the  steady  state  is  very  gentle,  and 
variation  of  all  parameters  past  the  midpoint  of  the  process  is  slight.  With 
the  object  of  reducing  machine  time,  we  made  a  provision  for  doubling 
At,  Ay  and  e  when  the  number  of  points  on  a  layer  reached  128. 

’  It  was  found,  however,  that  with  this  program  doubling  the  mesh  size 
might  lead  to  certain  weakly  damped  fluctuations  in  tetnperature  and  velocity 
values.  On  the  other  hand,  we  could  set  up  an  alternative  procedure  for 
reducing  the  volume  of  computations.  The  behavior  of  the  velocity  and 
temperature  profiles  is  such  that  the  highest  gradients  are  observed  at  the 
film  surface,  near  ^=0.  It  is  therefore  advisable  to  use  a  variable 
i/-interval.  This  we  did,  and  together  with  overall  reduction  in  the  number 
of  points  per  layer  substantially  improved  the  approximation  in  the  range 
of  high  gradients,  since  Ai/was  reduced  by  an  order  of  magnitude. 

The  w-mesh  was  defined  as  follows,  starting  with  f/=0:  6  intervals  of 
1  .  10“5meach,  4  intervals  of  2.  IQ-^m,  4  intervals  of  4-  IQ-^m,  4  intervals 
of  8.  10“®  m,  and  all  other  intervals,  up  to  the  boundary  defined  by  the 
condition  of  smooth  matching,  equal  to  1.6-  10  ^m. 

This  mesh  size  distribution  was  chosen  on  the  basis  of  an  analysis  of 
previously  calculated  alternatives  with  the  object  of  ensuring  as  fine  a 
resolution  as  possible  of  the  flow  of  the  liquid  film.  One  of  the  previous 
alternatives  was  re-run  with  the  new  ^-mesh  and  constant  At  =  0.02  sec. 
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Comparison  of  results  showed  on  the  whole  a  good  agreement  of  the 
ablation  rate  in  both  cases,  but  the  steady  surface  temperature  and  the 
velocity  profiles  in  the  initial  period  somewhat  differed. 

Since  allowance  for  nonlinearity  of  the  system  in  the  standard  program 
makes  it  necessary  to  carry  out  iterations  in  every  time  section,  we  had 
to  determine  the  number  of  iterations  ensuring  desired  accuracy. 

An  analysis  of  the  results  showed  that  the  convergence  depends  on 
various  parameters  of  the  problem:  rate  of  heating,  properties  of  the 
material,  given  time  instant,  etc.  However,  as  a  rule,  satisfactory  results 
could  be  obtained  at  the  third  step  already,  and  the  conclusive  run  of  the 
problem  therefore  employed  three  iterations. 

We  see  from  the  summary  table  of  the  alternative  calculations  that  in 
the  first  five  alternatives  only  the  parameters  of  the  incident  flow  were 
changed.  The  heat  fliix  and  the  friction  at  the  film  surface,  and  also  the 
second  derivative  of  pressure  and  the  enthalpy  gradient  in  the  boundary 
layer  were  determined  from  the  following  relations  /5/; 


where  pg  is  the  density  and  )igthe  viscosity  of  the  gas  at  stagnation 
temperature  Too,  the  Prandtl  number,  p  the  velocity  gradient  near 

the  critical  point,  and  the  constants  a  and  b  are  functions  of  the 
stagnation  temperature  and  the  properties  of  the  incident  gas.  In  particular. 


we  assumed 

a  =  — 4013,  6-  11.156‘  10®. 


Individual  alternatives  (I-V)  differed  only  in  the  velocity  gradient  at  the 
critical  point  ,  which  varied  in  the  range  4-‘10^<p<1.2*10®; 

This  corresponded  in  our  calculations  to  a  variation  of  the  heat  flux  from 
400  kcal/m^  sec  to  700  kcal/m^  sec  at  2800°K- 

In  alternative  VI  we  altered  the  constants  in  the  formula  for  the 
temperature  dependence  of  the  viscosity  of  molten  glass.  In  alternative 


VII  we  changed  the  heat  conductivity 

X,  keeping  the  thermal  diffusivity 
constant. 

The  results  are  plotted  in  Figures  2  —  9. 
The  variation  of  the  ablation  rate  Ooo  in 
time  is  given  in  Figure  2,  Clearly,  an 
increase  of  the  heat  transfer  coefficient  (a/c^)g 
in  alternatives  I-V  produces  a  sharp 
increase  in  the  rate  of  approach  to  the 


steady  state.  In  the  limit,  with  very  large 


heat  fluxes,  the  steadying  time  should  be 


FIGURE  2.  Rate  of  ablative  mass  loss 
vs.  time  in  various  alternatives 


arbitrarily  small.  Decrease  of  viscosity  (alternative  VD  and  decrease  of 
heat  conductivity  of  the  material  (alternative  VII)  produce  a  similarly 

directed  effect.  It  is  noteworthy  that  the  thermal  diffusivity  «  = 

the  parameters  of  the  incident  flow  in  alternative  VII  were  as  in 
alternative  V.  Heat  conductivity  thus  affects  the  steadying  trend  not  only 
directly,  as  a  boundary  condition,  but  also  indirectly  via  thermal 
diffusivity. 


FIGURE  3.  Surface  temperature  of  liquid  film  vs.  time  in  various  alternatives 


Figure  3  shows  the  variation  of  the  surface  temperature  of  the  molten 
film  as  a  function  of  time  in  various  alternatives.  The  general  trend  of 
temperature  toward  the  steady  state  is  similar  to  the  steadying  curve  of 
the  ablation  rate  (alternatives  I-V). 

However,  the  effect  of  the  properties  of  the  material  on  the  steadying 
process  and  on  the  stationary  value  of  temperature  is  much  more 
pronounced.  For  example,  a  reduction  of  viscosity  by  a  factor  of  about 
35  (alternative  VI)  sharply  lowered  the  stationary  temperature  of  the 
film  surface  (by  more  than  200°)  and  substantially  accelerated  the  rate 
at  which  the  system  reached  this  temperature.  We  thus  see  that 
inaccuracies  in  the  determination  of  viscosity,  a  parameter  which  is 
notoriously  difficult  to  measure  accurately,  can  produce  considerable 
deviations  of  the  calculated  results  from  the  experimental  values. 

Much  weaker,  though  still  marked,  is  the  effect  of  the  heat  conductivity 
on  surface  temperature. 

Figures  4  and  5  give  dimensionless  velocity  and  temperature  profiles 
at  three  successive  times,  calculated  for  the  incident  flow  parameters 
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and  the  material  properties  of  alternative  V.  We  have  previously- 
remarked  that  alternative  V  was  run  with  two  grids:  one  with  a  constant 
mesh  size  and  one  with  a  variable  ^-interval. 


FIGURE  4.  Comparison  of  dimensionless  profiles  of  ablation  rate  for  three 
time  instants  and  different  l^y  (alternatives  V  and  V*) 

Figures  4  and  5  illustrate  the  changes  in  temperature  and  velocity- 
distributions  produced  by  change  of  mesh  size.  It  should  be  observed  that 
the  constant  and  fairly  coarse  mesh  size  Ay  in  alternative  V  made  a  poor 
allowance  for  the  liquid  layer.  It  suffices  to  say  that  even  when  the 
molten  film  flowed  freely,  the  entire  liquid  layer  was  represented  by  3  -  4 
points.  This  clearly  did  not  enable  the  velocity  gradient  to  be  allowed 
for  accurately  and  consequently  gave  a  low  value  of  the  ablation  rate. 
Nevertheless,  the  general  trend  of  the  ablation  rate  and  the  surface 
temperature  in  alternative  V  with  constant  mesh  and  alternative  V*  with 
variable  mesh  was  the  same  (see  Figures  2  and  3). 


FIGURE  5.  Comparison  of  dimensionless  temperature  profiles  for  the 
interior  of  the  body  for  three  time  instants  and  different  Ly  (alternatives 
V  and  V*) 


Of  considerable  interest  are  the  results  plotted  in  Figure  6.  It  shows 
the  effect  of  the  material  properties  and  the  incident  flow  parameters  on 
the  unsteady  temperature  profile. 

Comparison  of  curves  I  and  shows  that  the  heat  transfer  coefficient 
(a/^p)g>  which  characterizes  the  rate  of  heating,  has  a  considerable 
influence  on  the  heating  depth  and  the  film  flow.  With  small  heat  transfer 
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coefficients,  the  material  is  heated  to  a  considerable  depth,  the  film 
formed  is  very  thin  (since  the  external  forces,  namely  friction  and  surface 
pressure  gradient,  are  small),  and  the  major  part  of  the  heat  is  trans¬ 
mitted  to  the  interior  layers.  A  concurrent  reduction  of  heat  conductivity 
(alternative  VXD  substantially  reduces  the  heating  depth. 


FIGURE  6.  The  effect  of  material  properties  and  incident  flow  parameters 
on  the  unsteady  temperature  profile 


Of  Special  interest  is  a  comparison  of  curves  and  VI.  It  is  known 
/6/  that  in  the  case  of  stationary  film  melting,  the  temperature  profile  is 
adequately  approximated  by  the  exponential  curve 


r  — To 

T'itt  ^0 


_ 


where  a—  —  is  the  thermal  diffusivity.  It  might  appear  that  an 

exponential  dependence  would  also  apply  in  the  unsteady  case,  letting  the 
ablation  rate  Ucovary  with  time.  Curves  VIo  and  V*  in  Figure  6  show  this 

to  be  wrong.  Moreover,  in  spite  of  the  constancy  of  a=  —  and  nearly 

equal  values  of  t>o.in  the  two  alternatives,  the  surface  temperature 
gradients  and  the  heating  depths  are  entirely  different.  This  simple 
dependence  thus  does  not  hold  in  the  unsteady  case,  and  this  clearly 
imposes  definite  limitations  on  the  validity  of  integral  methods  for  these 
problems. 

The  coincidence  of  curves  VII  (crosses)  and  VIo  in  Figure  6  is  purely 
accidental. 

The  numerical  results  obtained  show  that  the  time  required  to  reach 
equilibrium  between  the  processes  of  heating,  heat  conduction,  and 
transfer  of  heat  by  the  liquid  phase  may  in  some  cases  be  10  seconds  and 
more.  This  can  have  a  decisive  influence  in  calculating  the  mass  loss  by 
viscous  glassy  materials  in  gas  streams,  whose  parameters  vary  with 
time  (in  particular,  in  the  case  of  an  atmospheric  entry  trajectory).  The 
accuracy  provided  for  these  problems  by  the  quasistationary  equations  of 
heat  conduction  and  liquid-film  motion  will  apparently  be  very  low. 

It  is  noteworthy  that  the  time  required  to  reach  steady  surface 
temperature  is  much  lower  than  that  corresponding  to  the  ablation  rate. 
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alternative  calculations 


This  shows  that  the  flow  of  the  liquid  film  substantially  modifies  the 
rate  of  heat  redistribution  in  the  body. 

In  conclusion  we  should  observe  that  in  so  far  as  the  data  on  the 
physicochemical  properties  of  materials  are  widely  scattered  in  the 
literature,  no  reliable  computations  can  be  made  of  the  processes  of 
heating  and  ablation  followed  by  a  comparison  of  the  results  with  adequate 
experimental  data. 
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T.S.Varzhanskaya,  E .  L  Obroskova,  and  E ,  N ,  Star  ova 
BOUNDARY  LAYER  NEAR  THE  CRITICAL  POINT 


1.  The  paper  presents  an  analysis  of  compressible  laminar  boundary 
layer  near  a  critical  point  on  a  porous  flat  wall  in  a  stream  of  air.  A 
light  gas  —  hydrogen  permeates  through  the  wall  at  a  constant  rate.  The 
boundary -layer  equations  with  an  allowance  for  diffusion  have  the 
following  form  in  dimensionless  coordinates; 


du  du  d  (  du  \  . 

''“IT +  17  (“17)  +  ^’ 

^(p„)+^(p«)  =  0. 

dc  ,  dc  d  Ir^  dc  \  1 

17  ^  17  "  17  “17]  ' 

-  f  d6  ,  de  \  \  1  . 

'’^H“17  +  "l7)  =  17l^l7i^‘^ 

^  dc  09  1 


(1) 


Since  the  external  flow  velocity  near  the  critical  point  is  low  (M*  «0),  we 
neglect  energy  dissipation. 

The  boundary  conditions  are 


fort/  =  0,  u^O.  c  —  c^,  0—1, 

_  ^12  ^ 

\  —  Cy>  dy  ’ 

for  y  —  00,  u~x,  c  ~  0,  0  =  0. 


(2) 


The  condition  for  v  at  the  wall  is  derived  in  /!/.  The  following  notations 
are  used  here:  a:,  y  the  Cartesian  coordinates  reckoned  from  the  critical 
point,  with  the  A:-axis  directed  parallel  to  the  wall  and  the  i/-axis 
perpendicular  to  it;  u,v  the  horizontal  and  the  vertical  velocity  components; 

9  _  where  T  is  the  absolute  temperature;  c  the  concentration  of 

inblown  hydrogen  (ratio  of  the  hydrogen  density  to  the  density  of  the  air- 
hydrogen  mixture);  p  density;  viscosity;  diffusivity;  X  heat 

conductivity;  v  =  Ji- ;  the  specific  heats  at  constant  pressure  for  the 
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first  and  second  components  of  the  gas  mixture,  respectively, 

Cp  =  ccpi  +  (]  — c)Cp^\  Pro,  the  Prandtl  number;  Prg^  the  diffusion  Prandtl  number. 

The  subscript  indicates  values  at  the  wall,  i.  e.  ,  at  f/r=o,  and  the 
subscript  «do»  refers  to  the  point  at  infinity.  The  unknown  functions  in  this 
system  are  0,  c,  u,  y.  The  physical  parameters  of  the  boundary  layer 
Jit,  p,  Di2  etc.  ,  are  assumed  to  vary  with  concentration  and  temperature: 


X  = 


18. 0c3 -j,  3. 71ca  + 0.224c  4- 0.0034  1,2 

1 .09c3  -)-  0.8c!*  +  0.0946c  +  0.0034  1.2  —  0.5 

1 


(1  -O.50)‘-s. 


p  = 


(I  —  O.Sfl)  (1  4-  13. 5c) 
1.2 


1,2  — 0.5 
0.479 


1  4-0.13 


1  — c 


(1— o.5e)>-s  X 

_ l_ 

1  4-3.95 


c  1  —  c 

=  -O.50)o  '9  (13.15c  4-1). 

^u  =  (I-0.5e)^ 

c 


c„  = 


Cp^—Cp^^  13.15(1—0.50)0 

''Ptw 

Prg^  ==0.151,  Pr«o  =0,73. 


.19 


(3) 


These  relations  are  taken  over  from  /2/  for  the  case  . :=x0.5. 

2.  The  system  of  partial  differential  equations  near  the  critical  point 
in  the  case  p^,  const  (constant  flow  rate  at  the  wall)  can  be  reduced  by 

y 

Dorodnitsyn's  transformation  /3/  x  ^  x,  Y  =  1^=  py  -f  .w  -~ 

and  the  similarity  transformation  /4/  jc  =  a:,  -n  =  K,  \j)  =  a-/,  where  f'  = 

X 

and  Tj)  is  a  dimensionless  stream  function  such  that  il.  =  ilL  =  to  a 

dY  dx 

system  of  nonlinear  ordinary  differential  equations  in  c(-n),  0(ti)  and 


P 

(JpS')'  Wr  +  V'  8'  y  8'  =  0. 

-pf— (p'O„c')'+/c'=0  (4) 


with  the  boundary  conditions 


,,  =  0:  r  =  0,  e=  I.  f  =  . 

Yj  ==  oo:  /'  =  1.  0  =  0,  c  =  0.  (5) 

We  solved  system  (4)  by  the  following  iterative  procedure: 

P.  Choose  a  zero  approximation  for  functions  f.  0.  c:  Pir]).  0O(r|). 

2®.  Insert  the  zero  approximation  0O(ti).  cO(ti)  in  the  coefficients 

of  the  third  equation. 

Solving  the  boundary-value  problem  for  the  new  linear  equation,  we 
find  the  first  approximation  c'(n)  for  the  function  c  (tj). 


95 


3®.  Substituting  P  and  6°  for  the  functions  f  and  0  in  the  coefficients 
of  the  second  equation,  and  c’  for  c,  we  find  0Mn)- 

4®.  Substituting  P,  0>,  c*  for  the  functions  f,  0,  c  in  the  coefficients  of 
the  first  equation,  we  solve  it  for  iterate  the  entire 

procedure  with  the  first  approximation  to  find  the  second  approximation 

c*('n),etc.  The  process  is  continued  untilthe  difference  between 

two  successive  approximations  (for  every  function  for  alli))  becomes  less 
than  a  preassigned  e.  The  linear  boundary -value  problems  arising  in 
every  step  are  solved  by  the  forcing  method.  Application  of  the  forcing 
method  to  the  solution  of  equations  of  second  order  is  described,  e.  g. ,  in 
/6/.  We  shall  therefore  dwell  on  the  solution  of  the  first  equation  only. 
We  rewrite  this  equation  in  the  form 


where 


P  =  lAp,  Q=(|Ap)'  +  />  K  =  f', 


are  unknown  functions  of  t]. 

For  T|  =  0  we  have  to  satisfy  the  boundary  conditions  /  =  f*,  T  =  0.  The 
condition  f'  =  1  at  infinity  is  transferred  to  the  point  tj  -  i  and  we  solve  the 
boundary -value  problem  in  the  interval  0  <  t)  <  /  (in  our  case,  with 

-  0  -  0.9  and  e  -  10-^  we  could  take  I  =  7.5  ).  The  interval  /  is  divided 
into  n  equal  parts.  At  the  grid  points  no  =  0.  ni  =  A.  ^  .  n#  =  -  “nn  =  ^  * 

the  equation  is  approximated  by  the  following  finite -difference  relations 


p  —  tft-'i  _L  A 4-1  — 

^  ft* 

_ +  r  =  0  for  A  =  2  3,  , . .  n  — 2,  (6) 

*  2ft 

j^/n  —  ^fn-i  +  “*■  /n-3  +  n 

—  ^fn-9  +  j  4-  +  fn-i 

— (/„  -  4/.-,  +  6/,.,  -  4/„.,  +  /„_.)]  - 

+ Vi  =  0  (7) 

at  the  point  =  {n— \)h.  ...  .  xu  r 

The  boundary  conditions  are  written  in  finite  differences  in  the  form 

'  2ft 

.  (p*  Dii)w  (—  Cz  +  4ci  —  3co)  1 

^ 0  ^  1  -c«;  “  ■  2ft  Pfg^ 

t.  fn—2  —  4/ n— 1  +  3/n  , 
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From  (6)  we  find  that  the  coefficients  A^,  B*.  C*  in  the  forcing  equation 

/*  = +  5*/*+*  +  Ca  (8) 

satisfy  the  following  recursion  formulas 

^  —  Tife  +  Bh—\  +  Xft  -4^—1  Bk—y 

«*  —  S*  /1a— 1  —  Xa  Ba— 1  —  Xa  ’ 

- ; - , 

H  “  Ak-x  —  Xa  Ba— 1  ~  Xa  -4a-* 

Q  „  1  ~f-  Xa  Ca— a  -{-  Xa  Ak—j  Ca— i  -j-  '^a 

«*  —  >1*  -1  —  5*-*  —  ^*-*  >l*-i 

where 

a,  =  2QA  P*  =  ^.  =  + 

S.  =  Q*A  +  (P,  +  ^A*),  =  v,  =  4A*. 

P»  =  (W)*.  e»  =  /C»  =  . 


From  these  formulas  we  can  compute  all  the  forcing  coefficients  starting 
with  A^,  B2,  C2,  and  ending  with  An~2,  5n>2,  Crt-2.  The  coefficients  An,  Bo,  Co,  i4i, 
Bi,  Cl  are  determined  using  the  left-hand  boundary  conditions: 

Aq  =  0,  Bq  =  0,  Cq=  f 

»,  =  -L,  B,  =0.  C,  =  ^/.. 


Applying  (7)  and  the  right-hand  boundary  conditions,  and  also  the 
forcing  relations  at  points  n  — 2,  n  — 3,  n  —  4,  we  find  and  fn^i.  Then  by 
reverse  forcing,  from  (8)  we  find  /„_2,  fn-s.-*.  1 /i .  To  improve  the 
convergence  of  the  scheme,  having  calculated  0^  c‘,  we  substitute  the 


functions 


.)  in  the  coefficients  of  the 


equation  to  obtain  the  next  approximation.  We  tried  several  alternatives 
for  various  hydrogen  concentrations  at  the  wall:  =  0;  0.2;  0.4;  0.6; 

0.8;  0.9,  for  e=  10”3  and  /=  7.5, 

For  -  0.2,  we  assumed  as  zero  approximation  linear  functions  for  c 
and  0^c®  =  (/  — y)),0o  =-p(/— 7j)j,  and  the  Blasius  function  for  /o(tj)  (except 

for  the  value  on  the  wall,  where  Cw~^ — ] 

1  —  Ctt  / 


For  Ctt.  =  0.4,  as  the  zero  approximation  for  allri  >0  served  the  solution 
obtained  with  =  0.2,  and  for  ri=0,c=c*  =0.4. 

For  -  0.6,  as  the  zero  approximation  for  all  ti  >  0  served  the  solution 
obtained  with  £r«,=  0.4,  and  c  =  0.6  with  i]  =  0,  etc. 

For  Ca,  =  0,  the  zero  approximation  was  c®  =  0  for  all  ri,  90  =  y  , 

and  P  was  taken  as  f-fin)  obtained  for  c^-  0.9. 

For  =  0.2  we  tried  h  =  0.15,  0.075,  and  0.0375. 
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Comparison  of  the  results  at  corresponding  points  n  shows  that  A  =  0.15 
is  too  coarse  (this  shortcoming  is  particularly  pronounced  near  the  wall). 
Mesh  size  A  =  0.075  gives  much  more  satisfactory  results,  while  for 
Identical  ti  the  results  obtained  with  A  =  0.075  and  A  =  0.0375  differ  only 

^^^l^bLquent  computations  for  high  concentrations  c„  were  made  with 


A  =  0.0375.  ,  „  .  . 

The  variation  of  c,  6,  f,  f'  with  ti  for  various  c„  on  the  wall  is  shown 
in  Figures  1-4.  We  see  that  the  functions  c,  0,  reach  an  asymptote  at 

H  <  7.5.  Figure  4  gives  the  velocity  profiles  =  f'-  from  these 


plots  that  for  =  O.f  is  always  less  than  1,  i.  e.  .the  velocity  in  the  layer 
is  less  than  the  velocity  at  exterior  points.  For  all  c„  >  0,/' reaches  a 
maximum  in  the  layer,  i.  e. ,  in  the  layer  the  velocity  is  higher  than  the 
velocity  at  exterior  points.  As  the  hydrogen  concentration  at  the  wall 
increases,  f  rises  considerably  and  f"  at  the  wall  also  increases. 


FIGURE  1.  Concentration  c  of  the 
inblown  gas  (hydrogen)  vs.  11  for 
various  c  values  at  the  wall 


3.  Problem  (1),{2)  was  also  solved  by  an  alternative  method  —  the 
method  of  the  two -layer  implicit  difference  scheme  described  in  /5/. 

The  initial  data  were  defined  for  xo  =  0.01.  Twenty-six  points  were 
chosen  in  the  initial  layer  with  Aj/ =  0.2  for  0  <  i/<  2.8,  At/=  0.4  for 
2.8  <  t/  <7.2,  The  x -interval  was  made  equal  to  0.0025.  The  first 
6  layers  were  run  with  8  iterations  per  layer  and  i  =  1,  the  other  layers 
with  6  iterations  and  s  =0.7  {s  is  the  averaging  parameter,  see  151). 

As  the  boundary  layer  expanded,  the  points  on  layers  increased  in 
number.  The  condition  of  smooth  matching  (see  /5/)  was  checlted  for  the 
concentration  c  and  for  the  velocity  component  a.  In  our  case,  the 
asymptotic  behavior  of  is  the  slowest.  Several  alternatives  with 
=  0.2  were  run  on  the  STRELA  computer  to  determine  the  effect  of  the 
initial  profiles  on  the  final  solution. 
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1)  In  the  first  alternative,  the  initial  data  were  borrowed  from  the 
previous  solution  of  the  problem  in  the  self-similar  variable  r\. 


B 


FIGURE  2.  The  temperature  functions 

r-r„ 

0  - - vs.  n  for  various  c  values  at  the  wall 


Calculations  were  made  on  the  0.01  <;c<  0.0475  interval.  Since  the 
solution  was  self-similar,  the  values  of  0,  cand  u  obtained  by  difference 
method  for  different  x  should  coincide  when  passing  to  the  similarity 
variable  r\(x,y).  The  results  showed  that  the  solution  steadied  already  at 
X  =  0.0375.  After  reducing  the  results  to  the  self-similar  variable  on  the 
interval  0.0375  <x<  0.0475,  the  scatter  of  the  functions  for  identical  ti 
was  0.1  %  for  u,  0.7%  for  c,  and  2%  for  0. 

2)  In  the  second  alternative,  the  functions  0,  c  and  v  in  the  initial  layer 
were  the  same  as  in  alternative  1,  while  u  ~  y  for  O'Cy  <  1  and  u  =  1  for 

1  <  //  <  7.2.  Computations  were  made  for  0.01  <  Ar<  0.095.  The  solution 
steadied  (i.  e.  ,the  effect  of  the  initial  data  disappeared  entirely)  for 
0.01  0.0475.  For  x  >  0.0475,  after  reducing  the  results  to  the  self¬ 

similar  variable,  the  departure  from  the  solution  of  alternative  1  did  not 
exceed  0.1  %  in  a,  1  %  in  c,  and  4  %  in  0  (for  0.1  <0<  I,  the  scatter  in  the 
values  of  0  did  not  exceed  1.3%). 

3)  In  the  third  alternative,  the  initial  data  were  the  functions  c,  u,  v  from 

the  self-similar  solution,  and  0  =  1 - —  for  0<w<4.4,  0  =  Ofor  4.4  <y  <  7.2. 

4.4 

Computations  were  made  for  0.01  <a;<  0.135.  The  effect  of  the  initial  data 
disappeared  more  slowly  than  in  alternative  2;  the  solution  steadied  only 
at  x> 0.0 85.  After  reducing  the  results  to  the  self- similar  variable  for 
x>  0.085,  the  departure  from  alternative  1  did  not  exceed  0.3%  in  u, 

0.73  %  in  c,  and  1.2  %  in  0.  The  departure  from  the  solution  of  alternative  2 
did  not  exceed  0.3%  in  u,  0.9%  in  c,  and  4%  in  0(for  0.1  <0<  1  the  scatter 
in  0  did  not  exceed  1.2%). 

4)  In  the  first  alternative  the  initial  data  were  chosen  as  follows:  0  was 

as  in  alternative  3,  u  as  in  alternative  2,  c  =0.2 - ^  for  0<w<2.8,  and 

14 

c  ~  Ofor  2.8  <  y  <7.2;  v  was  taken  as  linear,  satisfying  the  boundary  value 
at  the  wall  and  assuming  at  y  =  7.2  the  same  value  as  in  alternative  1. 
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Computation  was  made  for  0.01  <x<  0.075.  The  effect  of  the  initial 
data  disappeared  much  more  rapidly  than  in  alternative  3.  The  solution 
steadied  for  >  0.0525.  Reducing  the  results  to  the  self-similar  variable 
for  X  >0.0525,  the  departure  from  alternative  1  did  not  exceed  0.28%  in 
u  0.85%  in  c.  and  1  %  in  6.  The  departure  from  the  solution  of  alternative 
2’did  not  exceed  0.3%  in  a.  0.97%  in  c.  3.8%  in  6.  The  departure  from 
the  solution  of  alternative  3  did  not  exceed  0.13%  in  u,  0.05%  in  c.  0.97  % 
in  0. 


c  values  at  the  wall  values  at  the  wall 


5)  To  check  the  choice  of  the  y-interval,  we  re-ran  alternative  1 
with  half  the  mesh  spacing  ^y  .  starting  with  x  =  0-04^. 
the  results  to  the  self-similar  variable  t|  for  0.0475  - 

scatter  of  the  values  of  the  functions  for  identical  ti  did  not  exceed  0. 8  7o 
in  u.  0.9  %  in  c,  and  7%  in  0  (for  0.1  <e<  1,  the  scatter  of  9  did  not 
exceed  0.98%).  The  departure  from  the  solution  of  alternative  1  did  not 
exceed  1.9%  in  u,  0.97%  in  c,  and  6 %  in  6  (for  0.1  <e<  1,  at  most  l.2%). 
The  departure  from  the  solution  of  alternative  3  did  not  exceed  1.05%  in 
„  1.1  %  in  c,  7%  in  e  (for  0.1  <0<1.  at  most  2.3%).  The  departure  from 

the  solution  of  alternative  4  did  not  exceed  0.8%  in  u,  0.8%  in  c.  8  %  in  0 
(for  0.1  <e  <  1,  at  most  1.45  %).  . 

We  compared  the  results  obtained  when  solving  the  problem  m  the  self¬ 
similar  variable  ii  with  mesh  size  of  At) -0.075  and  Ati  =0.0375  with  the 
results  obtained  by  reducing  the  functions  6,  c,  u  from  the  solution  of 
alternative  1  in  the  variables  x,  y  to  y\.  The  scatter  of  functions  for 
identical  values  of  r,  did  not  exceed  0.7%  in  6,  05%  in  c,  and  1.7%  in«. 
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NUMERICAL  SOLUTION  OF  A  BOUNDARY -VALUE  PROBLEM 
FOR  THE  SYSTEM  OF  NONLINEAR 
INTEGRO-DIFFERENTIAL  EQUATIONS  OF 
A  HYPERSONIC  BOUNDARY  LAYER 


%  1.  STATEMENT  OF  PROBLEM 


The  equations  of  a  hypersonic  boundary  layer  on  a  slender  body  of 
revolution  in  a  flow  of  viscous  heat-conducting  gas  have  the  following  form 
in  the  coordinates  xL,  yL,  where  x  is  reckoned  from  the  leading  edge  along 
the  generatrix,  and  y  from  the  surface  of  the  body  along  the  normal  /!/: 


9r 

pr 


[  dx  ^  dy  J  dx  ^  R  dy  dy  r 

[  dx  ^  dy  I  dx  ^  R  dy  \  dy  j 


4 


d(pru)  ,  djprv)  _ 
dx  dy 


(1) 


where  «««  are  the  velocity  components  along  the  x  and  y  axes, 

respectively,  the  enthalpy,  the  pressure,  pp*  density  of  matter, 

viscosity,  L  the  length  of  the  body,  rL  the  distance  to  the  axis  of  the 

body,  R  —  the  Reynolds  number,  o  the  Prandtl  number. 

f*i» 

The  subscript  «oo»  designates  the  parameters  of  the  incident  flow.  For 
a  slender  body,  r  -  4y  ,where  r  =  rM  is  the  equation  of  the  generatrix. 

In  the  Dorodnitsyn  variables  the  system  (1)  takes  the  form  /!/ 


p  ^  R  *  dri  I' 

P  R  dii\  * 


(2) 


+  2-^. 

ae  ay, 
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where 


X  is  the  ratio  of  specific  heats, 

f=  f(0^  (10) 

both  given  functions  of  u 

A  self-similar  solution  of  (5)  exists  if  k  const  and  m  =  const,  where  k 
is  a  nonnegative  root  of  the  cubic 

Iioo)k»^k^  -Ga-0.  (11) 
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where 


(12) 


a  is  the  parameter  entering  the  equation  of  the  generatrix  of  the  family 
of  bodies  admitting  of  a  self-solution  /!/: 


=  (13) 

The  boundary  value  problem  (6),  (7)  for  the  integro -differential  equations 
should  be  solved  simultaneously  with  the  cubic  (11),  where  the  coefficient 
/  ( cxj)  is  a  functional  of  the  unknown  function  i  (^).  The  convergence  of  the 
integral  f  {oo)  is  proved  in  /!/. 


§  2.  GENERAL  DESCRIPTION  OF  THE  NUMERICAL 
METHOD  OF  SOLUTION  OF  (6),  (7),  (11) 

We  solve  the  problem  (6),  (7),  (11)  by  the  difference -iterative  method. 
Since  according  to  /!/ 

-^=11)'  (C)  =  (p"  il)  and  i  (C)  for  (.  +oo 
dC 

decrease  not  slower  than  e~^\  where  //  is  a  positive  constant,  it  is 
advisable  to  employ  a  varying  mesh,  with  mesh  size  increasing  with 
increase  of  Taking  a  sufficiently  large  interval  0  <^<  /,  we  divide 

it  by  points  0  ^  into  n  unequal  segments  [Sv-i.  Sv],  v  =  1,2 . n 

and  replace  at  each  point  the  value  of  the  unknown  function  and  its 
derivatives,  which  are  provisionally  designated  y{lv  ),  /(Sv),  y"  (Cv),  by 
the  values  of  the  discrete  approximating  function  yv  and  the  corresponding 
difference  ratios  y'v  and  yl  calculated  from  the  values  of  y^.  The 
explicit  form  of  these  difference  ratios  will  be  given  in  what  follows.  The 
integrals  of  the  unknown  functions  will  be  calculated  using  the  trapezoid 
formula  (Simpson’s  formula  is  not  more  advantageous).  The  cubic  (11) 
will  be  numerically  solved  by  Newton’s  method. 

The  boundary-value  problem  (6),  (7),  (11)  in  the  infinite  interval 
0  ^  <  -{-oo  is  thus  replaced  by  a  difference  boundary -value  problem  on 

the  finite  interval  0  <t<l: 

(Xfh  'fv  +  [(K/)v  +  (fvl  -  2mF  (iv)  =  0.  <  1 

^  I  j  2/nF  (iv)  '*i’v  + 


+  (TOv(ti5'v)^  =  0, 

(13b) 

V=  1,  2,  ...  .  n-1, 

%  ~  0,  io  =  iwf  io  =  0, 

(13c) 

(13d) 

(13e) 

K 

♦  In  notations  of 
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where  {Yf)v,  (V—K,  qJv,  denote  the  corresponding  quadrature  formulas 

o 

substituted  for  the  integrals 


The  interval  0<^</and  the  mesh  spacing  along  the  axis  are  chosen  so 
that  as  the  length  I  of  the  interval  increases  and  the  mesh  becomes  finer 
the  values  of  the  unknown  functions  stabilize  at  the  corresponding  mesh 
points  over  the  entire  interval;  we  should  therefore  mainly  require  that 
the  behavior  of  and  iv  as  v  approaches  n  be  analogous  to  the  behavior 
of  (U  and  I  (^)as  C  +oo  (see  the  beginning  of  this  section,  and  /5/). 

Setting  /!/ 

(14) 

we  solve  the  difference  boundary- value  problem  (13a)-(13e)  by  the 
following  iterative  scheme: 


(S)  (S-flJ  (s)  (S)  (S-f-l)  X—  1  {«) 

(I'/lv  t,  -2m  h  =  0, 

^  (s-fl)  f.  V,  (S-M)  -|(S-{-l)  (S+1)  (S+l> 

<S)  (s+!) 

<«)  (s)  ] 

’l?o  =  0.  for  all  s  =  0,  1.2,  ... 

(S)  <*)'  A 

to  =  »w  =  =  0  J 

(S)  (s)  <«) 

/„(/)  /j3  4-A5a-G2  =  0. 


(15a) 

(15b) 

(15c) 

(15d) 

(15e) 


If  the  initial  approximation  t|)v,  tv  is  known  (concerning  its  choice,  see 

(0)  (0) 

§  3),  the  quadrature  formulas  can  be  applied  to  find  (pv,  (0#  and  then 
from  (15e),  by  Newton's  method,  to  find  ^k.  Now  for  s=0,  all  the 
coefficients  and  the  free  term  in  the  difference  equation  (15a),  which  is 

(l)  (0)  (0)  (0) 

linear  in  are  expressed  in  terms  of  the  known  quantities  cpv,  h,  k 

and  the  equation  is  solved  for  ijjv  with  boundary  conditions  (15c)  for  s  =  l, 

(1)  (i)  (1)  H) 

i.  e.  ,  with  the  boundary  conditions  ■'po  — 0.  =  h  Given  \}>v  ,  we  find  il)v 

by  numerical  differentiation  and  Vv  by  numerical  integration  with  the 
quadrature  formula.  The  coefficients  and  the  free  term  of  the  difference 

equation  (15c),  which  is  linear  in  ‘ii  ,  are  expressed  for  5=0  in  terms  of 

the  known  quantities  ijjv,  i|)v»  <pv.  iv,  k  and  the  resulting  equation  is  solved 

with  boundary  conditions  (15d)  for  5=1. 

tn  (i)  .  . 

Given  i|)v,  iv»  we  can  analogously  find  the  next  approximation  \j?v,  tv,  ^  * 

(3)  (3)  (2) 

and  then  the  third  approximation  3j?v.  tv,  etc. 
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The  iteration  is  terminated  at  s=5o,  when  the  inequalities 


(S+l)  (s)  (s+1)  (s) 

I  <Pv  —  <Pv  1  <  e.  Uv  —  tv  I  <  e 


(16) 


are  first  satisfied  for  all  v  =  0,  1,  2,  n;  here  e  is  a  given  positive  number, 
which  has  been  taken  equal  to  10“®. 


§  3.  DESCRIPTION  OF  DIFFERENCE  APPROXIMATIONS 
AND  OF  THE  MAIN  STAGES  OF  THE 
COMPUTATIONAL  PROCESS 

1°.  Difference  approximation  of  derivatives  and  integrals  in  (6),  (7), 

(11).  The  difference  approximation  (13a)  -(13e)  for  (6),  (7),  (11)  is  constructed 
as  follows.  The  interval  0<C</is  divided  into  r  subintervals  by  points 
0==/o  </,<„.  <  lr-\  a-nd  each  of  the  sub  intervals  //],  1  <  t  <  r,  is 

in  turn  divided  into  several  smaller  segments  of  constant  (for  a  given  i) 
length  hi  so  that 


The  numbers 


are  integers. 
Evidently, 


hi  =  t  =  1,  2,  ...  ,  r. 


'ti  =  ==  rti  H- 

hi  rtg 


n^  —  ni~\-  ...  -f-  rif-i  -f 


hr 


=  n 


(17) 


(18) 


(19) 


We  have  thus  divided  the  segment  0  <^</  into  a  nonuniform  mesh  with 
n,  =n  points:  to=0,  ...  =/  where  t=l,  2,  ....  r.  such  that  the  mesh 

spacing  is  doubled  when  passing  from  the  interval  li-i  <C<  //to  the  interval 
//<C</t+b  L  e.  ,  /i,+i  =2/1/. 

We  provisionally  denote  any  of  the  functions  in  equations  (6)  by  t/(^)and 
replace  y  (?v)by  ^vfor0<v<n^  the  derivatives  i/'(^v)and  y"{^v)^ve  replaced 
by 


2hi 

for  n.-i  <  V  <  rii,  i  =0,  1 ,  . . .  ,  r, 

~!/v-2 

2hi+i 

for  V  =  /Z/.  1  —  1,2,  ...  ,  r  —  I , 


(20) 
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y"(Cv)^t/v  = 


(21) 


yv^.i-2yv  +  i/v-i 

hi 

for  <  V  <  rt^,  i  =  0,  I . r,, 

yv.fi-2yv  +  j/v-2 

for  V  =  t  “  1, 2,  . . .  ,  r  —  1. 
Boundary  conditions  of  the  form 


or 

y(0)  =  Ki,  !/(/)  =  n| 
y'{0)=‘Y’u  y(l)  =  Y,  I 

(22) 

are 

respectively  replaced  by 

II 

1! 

(23) 

or 

!/'(0)^  +  =  k;,  y„  =  Y,. 

(24) 

The  integral  ever  i/(^)  is  replaced  according  to  the  trapezoid  formula  by 


+  A, 


y(!;)dC==A,  ( 
+  yn,+  \ 


yi  4-  yz 


4  ...  + 


yn,-.\  4  y 


4 


4 


4  . .  4 


yn.-i  4  y^,  j 


...  4  ^ 


.(■ 


yni^-^  4 


4  ...  4 


for  n^-x  <  V  <n.. 


(25) 


The  derivative  at  the  right  end  point  of  the  interval  0<  C  is  replaced  by 


y'  =  (0~f/«  = 


yn~2  —  4 

2hr 


(26) 


(the  derivative  at  the  left  end  point  is  determined  from  the  first  formula 
in  (24)). 

If  the  known  given  functions  and  the  functions  constituting  the  solution 
of  boundary- value  problem  (6),  (7),  (1 1)  are  sufficiently  smooth,  then  with 
this  method  of  approximation  of  the  derivatives  and  the  integrals,  taking 
I  sufficiently  large,  the  difference  scheme  (13a)-  (13e)  gives  an 
approximation  accurate  to  0  (A^),  where  A  is  the  maximum  spacing  of  the 
mesh  chosen. 

2®.  Solution  for  a  linear  difference  equation  by  the  forcing  method 
an  variable  mesh.  In  the  course  of  iteration  (15a)  -(15e),  each  step  involves 
the  solution  of  a  bound  ary -value  problem  for  the  linear  difference  equation 
of  second  order 


Cj  (^v)  t/v  4  ^2  (^v)  y\  4  ^^3  (^v)  y»  4  ^4  (^v)  0» 

V  =  1,  2,  . . .  ,  n—  1, 


(27) 
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with  boundary  conditions 


or 


yo  =  Yl,  Vn  =  Y^, 


—  i/t  +  4yj  —  3y(,  y/'  „  „v 

!/o  = - - - ^1.  y.-Y, 


(281) 

(282) 


to  obtain  the  (s+  l)-th  approximation  from  the  s-th  approximation  we 
proceed  as  follows:  and  i/v  in  (27)  have  the  form  (20)  and  (21).  We 
seek  the  solution  of  problem  (27),  (28i)  or  (27),  (283)  in  the  form 


where 


(v) 

i/v  =  a; 


-f  V=  I,  2,  ,  n  — 1, 


(29) 


—  I-i  03*^^  +  4-  ^1  ^21^ 


+  (2cii  —  /if  C31) 
—  ^1  ^2^^  4-  <?4i 


£-1  +  (2cji  — 


for  <  V  <  i  =  i ,  2,  ....  r, 
1 


i-v  ^  IV  ~  1  ^3v) 

for  V  =  i  =  1,  ...  ,  r —  1, 
-z.v‘4'^“'’  +  «4v''? 


0,2  = 


’^  +  (2c,v  — /l?  Cgy) 

for  <  V <rtp  t  =  1,  2,  ...  , 
—  Lvi4^'^  4-  g4v 

^<'-'^4-(2c,v-^?+j^3v) 

^(V-I)  «(V-I)  ^{'W-D  I  ^(v-2) 

A2  =  fll  fl2  4-^2  » 

for  V  =  i  =  1,  2,  ...  ,  r  —  1, 


(30) 


(31) 


(32) 


1.,= 


Civ  h-C2v  for  1  <C!  ^  ^  —  1»  2,  ...  .  r, 


Cjv  “T  2  for  V  —  i  ■“  h  2( 


r-1. 


(33) 


Cyv  —  Cy  (Cv)j  /  —  1)  2,  3,  4. 


(34) 
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With  boundary  conditions  (28i) 

ar  =  af=0, 

and  with  boundary  conditions  (283) 


From  (30) —(34)  we  find  the  forcing  coefficients,  going  in  the  direction 
of  increasing  v(v==l,  2,  3,  ....  n),  and  then  back  in  the  reverse  direction 
(v=/i— 1,  n— 2,  1,  0)  we  find  from  (29)  the  value  of  y^. 

The  forcing  formulas  (29)— (34)  are  derived  as  in  /3/  or  /4/  for  a  fixed- 
size  mesh*. 

3°.  Newton*  s  method  for  the  solution  of  the  cubic  in  the  case  of 
equation  (15e)is  reduced  for  every  given  5  to  the  iteration  /3/ 


(S) 


,  (s)  (s) 

]  {21  nit) 


(S)  (S)  (SJ 

kgiZlnit)  *<7  +  2) 


(j  —  0, 1 , 2  ,  . . . 


(35) 


As  the  initial  approximation  we  assume  ko=  |G|.The  iteration  is  terminated 
at  q=go  for  which  the  inequality 


(s)  (s) 

— (36) 

(s) 

is  first  satisfied.  By  virtue  of  /„  (/)  >0,  the  cubic  (15e)  has  a  single  positive 
root  in  the  interval  |0,  |G|]. 

4°,  Choice  of  given  functions,  constants,  and  initial  approximations , 

We  have  made  our  calculations  for  /=1,  0=  0.72  and  for  various  values  of 
the  constants  h,  m  and  po  •  Numerical  trials  showed  that  the  results  are 

<0)  (0) 

highly  stable  with  regard  to  the  choice  of  the  initial  approximations  tv,  ifv, 

but  the  number  of  iterations  5o  required  to  achieve  the  predetermined 

(0)  (0)  (0) 

accuracy  e  depends  on  the  initial  data  For  example,  when  -ipvwas 

taken  from  the  table  in  /2/,  p.  529  (the  column  corresponding  to  p=  2.0), 
applying  linear  interpolation  for  the  corresponding  intermediate  grid 
(0) 

points,  and  U  was  calculated  from 


(0)  1  (0),  (0)  ,  . 
,v.=  — (1— ^')  +  B(l-x|)v).  (37) 

where 

0  for  i'  (0)  =  0, 

4— Y’  t(0)  =  tce,, 

the  number  of  iterations  for  e=  10”®  varied  from  7  to  10  depending  on  the 
parameters  x,  m,  po. 

If  we  set  =  0,  thenfore=  10”®  and  the  same  parameters  18  —  20 

iterations  will  be  required. 


+  The  forcing  scheme  for  difference  equations  of  second  order  in  the  case  of  variable-size  mesh  has  been 
previously  used  at  the  Computational  Center  of  Moscow  State  University .  see,  e.  g.  ./6/. 
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Since  using  the  tabulated  values  from  /2/  as  the  initial  approximation 

(0) 

tjjv  involves  storing  a  great  many  numbers  in  the  computer  memory,  we 
assumed  the  following  initial  approximation 

(0)  _  f  0,4Cv  for  0<^v<C'==2.5.  (38) 

'^'’“1  1  for?v>2.5, 

(0) 

and  calculated  iv  from  (37).  We  thus  avoided  the  necessity  of  interpolation 

to  determine  the  values  Vv  at  the  intermediate  points  (a  necessary  procedure 

when  the  tables  from  /2/  are  used).  This  choice  of  initial  approximations 
requires  the  same  number  of  iterations  as  are  necessitated  by  the  tabulated 
data  from  /2/.  The  function  (38)  is  a  rough  piecewise-linear  approximation 
to  the  function  Tpv  given  in  /2/. 


§  4.  VERIFICATION  OF  THE  NUMERICAL  METHOD 
AND  rrS  CONVERGENCE 


To  verify  this  numerical  method,  we  made  a  control  calculation  for  the 
Blasius  case  and  compared  the  results  with  the  table  in  /2/,  p.  529.  We 

minded  mainly  the  column  for  p  :=  2.0.  If  we  take  i  =  (1  — (p'^),  the  boundary - 

value  problem  for  the  system  of  integro -differential  equations  ^(p'  =  (p(^)  = 


= j\[3  (Ofi/)reduces  to  the  differential  equation<p'"  +  (pip"  =y  (cp'®  —  1),  where  y  = 
.with  the  boundary  conditions  (p  (0)  =  cp'  (0)  =  0,  <p'(oo)  =1,  or  an 


—  —  m 


equivalent  integro -differential  equation  +  (p\i)'  =  y  ('t’*  —  1) , where  y  =  —m- 


with  boundary  conditions  ^(0)  =0,  ==  1- 

In  notations  of§  Ithe  following  values  of  the  parameters  correspond  to 
this  problem:  m  = —7,  po  =  0,  /  =  1,  a  =  1,  x  =  L4.  Replacing  the  interval 
0  <  -j-oo  by  the  interval  0<C  <5  and  making  in  this  interval  calculations 

with  constant  mesh  size  ft=0.05  and  constant  mesh  size  0.0125,  we  obtain 
approximate  values  of  the  function  <p'(^)  which  show  a  maximum  deviation 
of  1.4%  and  0.12%,  respectively,  from  the  corresponding  values  in  /2/. 
Making  in  this  interval  0<^<5  a  calculation  with  variable  mesh  size 
/t,  =  0  005.  n,==100,  *2=0.01,  ;i2  =  250,  *3=0.02,  n3  =  400  ,  we  obtained  approximate 
values  of  (p'(D=‘ip(e)  which  deviated  at  most  by  0.06%  from  the  corresponding 
values  in  /2/.  The  approximate  values  of  <p'(C)  =4^ (^)  corresponding  to  grid 
points  in  the  interval  3<5<5  in  all  these  cases  differed  by  at  most  10“'* 
from  1.  Note  that  for  ^  +  CO,  behaves  as  1  +  const- where 

//  =  const  >  0  ,  and  that  in  choosing  the  interval  0  <5  for  calculations  we 

set  ii)(5)  =  1 .  Replacing  the  interval  0  <^  <  5  by  the  interval  0  <  C  <  3  and 
making  a  calculation  with  constant  mesh  size  *=0.0125  and  boundary  value 
(p(3)  =  l,  we  obtained  approximate  values  of  (p'(U  “'!>(?)  differing  by  at  most 
0.1%  frdm  the  corresponding  values  obtained  with  the  same  mesh  size 
*  =  0.0125  in  the  interval  0  <S<5.  This  agreement  in  numerical  results 
seemed  to  us  to  prove  satisfactorily  the  accuracy  of  our  method. 


no 


The  choice  of  the  length  I  of  the  interval  0  <C</  and  of  the  mesh  size  h 
is  made  analogously  in  cases  of  other  combinations  of  the  known  constants 
m,  X,  po,  (X,  iw>  The  mesh  size  was  assumed  sufficiently  fine  and  the  length 
of  the  0  <C  <  /  interval  sufficiently  large  if  the  values  i(^),  in  the  interval 
differed  at  most  by  10“^  from  the  boundary  values  i{l)  =0  ,^{l)  =  1, 
and  if  reduction  of  the  interval  to  0  <^<  and  doubling  of  the  mesh  size 
altered  the  values  of  \l3(^)  and  i(^)at  the  corresponding  points  by  at  most  0.1%. 

We  observe  that  increase  of  po  entails  an  increase  of  the  interval  length 
1.  For  example,  we  had  to  take  the  interval  0  <  C  <  30  for  the  following 
parameter  values:  m=0.25,  x=  1,4,  Po=  100,  0=0.72,  itt,=0.25.  With  this 
large  interval,  fixed -mesh  calculation  occupying  minimum  working  memory 
gives  too  low  accuracy.  We  therefore  had  to  resort  to  variable  mesh  size. 

In  all  the  alternatives  calculated,  as  the  mesh  was  made  finer,  the 
approximate  values  yip  =  (p'(^)  for  any  given  ^  monotonically  increased,  and 
i(^)monotonically  decreased,  both  approaching  definite  limits’!^. 


§  5.  ANALYSIS  OF  RESULTS  FOR  SEVERAL  ALTERNATIVES 

The  above  method  was  used  in  calculations  for  the  following  values  of 
parameters  and  boundary  values: 

/=!,  0  =  0.72; 
x=  1,4; 

m  =  -  1;  i^  =  0;  0.1;  0,25;  C  =  0;  %  =  0; 

/n  =  -  =  0;  0.25;  4  =  0;  0.5;  2;  10;  100; 

4 

fn  = - 7"’  Po  “ 

4 

x=  1,2; 

m  =  —  1;  =  0;  C  =  0;  =  0; 

m  = - I'a,  =  0;  i'w  =  0;  po  =  Oi  0.5;  2;  10;  100. 

4 


The  numerical  results  are  plotted  in  Figures  1—4. 

The  results  reveal  the  substantial  effect  of  the  parameter  po  on  the  value 
characterizing  the  limit  of  the  boundary  layer.  For  example,  with 
Po=100and  =0,  /^25,  i.e.,  five  times  as  great  as  in  the  Blasius  case. 
This  is  probably  so  because  as  po  increases,  k  and  y  also  increase,  and  the 
effect  of  increasing  y  on  the  solution  formally  resembles  the  effect  of 
increasing  viscosity  in  the  boundary-layer  equation. 

The  parameter  decreases  with  decreasing  which  is  apparently  due 
to  the  resulting  overall  drop  in  enthalpy. 

It  is  noteworthy  that  the  boundary  value  of  ^  for  the  velocity 
(characterizing  the  limit  of  the  boundary  layer  so  far  as  velocity  is 
concerned)  is  much  lower  than  for  the  enthalpy. 

*  This  regularity  may  be  established  theoretically.  The  theoretical  proof  of  the  convergence  of  this 
method  will  be  discussed  in  another  paper. 


Ill 
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the  parameters,  and  discussion  of  the  results.  We  are  also  thankful  to  G.  S, 
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IIL  VISCOUS  FLOW 


A.  L, Krylov 

FINITE -DIMENSIONAL  MODELS  FOR  EQUATIONS  OF 
MATHEMATICAL  PHYSICS 


A  large  class  of  partial  differential  equations  of  mathematical  physics 
has  the  following  property:  the  equations  express  laws  of  conservation  of 
certain  physical  quantities  (e.g.,  momentum,  energy,  mass)  and,  moreover, 
some  "additional”  conservation  principle  follows  from  the  basic  equations. 
For  equations  of  gas  dynamics,  this  is  the  conservation  of  entropy;  for 
equations  of  crystal  optics  (in  particular,  for  Maxwell  equations),  this  is 
the  conservation  of  energy,  etc.  Following  S.  K.  Godunov  /!/,  we  shall 
consider  equations  of  the  form 


where 


dt  Zj  dxj 
/=! 


=  0, 


1,2 . m, 

k  —  0,1,. , n. 


(1) 


This  is  the  general  form  for  the  equations  of  variational  calculus,  gas 
dynamics  (ordinary  and  relativistic),  crystal  optics,  mixture  of  gases,  etc. 
The  smooth  solutions  of  system  (1)  satisfy  the  following  conservation  law 


A. 

dt 


i=i  /-I  i-i 


(2) 


which  can  be  interpreted  as  the  conservation  of  energy  or  entropy.  The 
equations  can  be  extended  in  a  natural  manner  to  irreversible  processes, 
in  which  case  (2)  is  regarded  as  the  equation  of  dissipation  of  energy. 

The  present  paper  is  devoted  to  the  construction  of  finite -dimensional 
models  for  systems  haying  an  "exact"  law  of  energy  conservation  of  the 
form  (2).  This  problem  was  first  posed  for  the  Navier-Stokes  equations 
for  viscous  incompressible  flow  (which,  incidentally,  do  not  belong  to 
class  (1))  by  A.  N.  Kolmogorov  at  the  seminar  on  problems  of  turbulence 
held  in  1958-1959.  A  study  of  the  ergodic  properties  of  these  models  will 
possibly  imply  some  properties  of  the  continuous  case  also.  The  author 
is  not  familiar  with  any  work  in  this  direction. 

We  first  consider  the  case  /=/=!,  so  that  the  equation  takes  the  form 


(3) 
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(the  dissipative  term  has  been  added  in  the  right-hand  side),  where  it  is 
assumed  that  A^{q)  q  —  A{q)  >  0  and  C  (q)  >  0.  For  simplicity  we  shall  consider 
a  Cauchy  problem  with  periodic  boundary  condition  for  x: 

Other  boundary  conditions  can  be  analogously  treated,  including  the  case 
of  a  region  unbounded  in  x  with  the  relevant  functions  vanishing  at  infinity. 

We  multiply  equation  (3)  by  <7  and  transform  the  individual  terms  as 
follows : 

Hence,  in  view  of  (4),  we  obtain  the  identity 

f  (</)?— ^  (9)1  <1*  f  f  ('^y 

5  ”00 

(the  law  of  dissipation  of  "energy”  A^q-A).  We  shall  attempt  to  construct 
a  finite-dimensional  model  of  the  problem  (3),  (4)  which  would  allow 
analogous  transformations  to  be  made  in  the  difference  equation 
approximating  (3).  In  the  interval  (0,  /)we  define  points  with  abscissas  at* 

equal  to  kh;  Jfe  =  0.1,  .  ,  . ,  N,  h=  the  points  Xo  and  xn  are  considered  as 

coinciding.  Points  with  the  abscissas  (^-h  72)/^  will  be  called  half-integral 
points;  they  will  play  an  auxiliary  role  in  our  construction.  The  required 
functions  q^(t),  k=0,  1,  N,  approximating  the  solution  of  equation  (3)  at 
are  assumed  to  be  defined  for  the  integral  values  of  the  index,  while  their 
explicit  and  implicit  "derivatives"  with  respect  to  x  are  considered  at 

half- integral  values  of  the  index,  i.e.,  we  shall  write  — <7*). 

We  also  determine  the  "drift"  of  a  function  q^  at  half-integral  points: 

=  ±  (^7^+1  4-  <7*). 

For  functions  a*  and  \  which  are  periodic  on  the  grid,  we  obviously 
have  the  following  rule  of  "summation  by  parts": 

of  which  we  will  make  much  use. 

Consider  the  approximation  to  equation  (3).  The  term  clearly 

approximated  by  the  trivial  expression  A^{q’^). 

To  approximate  the  dissipative  term  ^  C{q)  we  reason  as  follows 

the  approximation  must  apply  at  integral  points,  i.e.,  the  function  C{,q) 


(«) 

m 

(y) 
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should  be  approximated  at  half- integral  points;  it  is  natural  to  assume  the 

_L 

approximation  2)5^  2  (in  case  of  a  single  variable,  we  could  even 

jfej.  _L  k4-  — 

take  {i.C((y)  2  2.  ly^ith  many  variables,  however,  this  is  not  so  ~  see 

below).  We  now  write  down  the  analog  of  (y): 

^  8  (C  (vq)  89)  V  =  -  ^  C  (M  +  ■^)  (89*+ 

k  k 

(here  the  periodicity  of  is  taken  into  consideration,  i,e.,  <7®  =  <7^“’ ,  <7^  =  <7^). 
As  C(g}is  assumed  positive,  the  last  sum  is  negative  and  can  be  regarded 
as  the  dissipated  ’’energy”  per  unit  time.  We  finally  consider  the  most 

complicated  terms,  —  B-  (^).  The  expression  for  B^(q)  should  be  written 

dx 

for  half- integral  points,  and  we  moreover  must  obtain  an  analog  of  the 

formula  BJg)  — =  —  B(q).  These  requirements  lead  us  to  the  expression 
^  dx  dx 


We  then  have 


^  8  (B,  (9))‘  9*  =  -  ^  B,*+  »  (9)  89*+  ^  = 

k  k 


k 


The  transformation  of  the  first  term  does  not  differ  from  (a). 

We  thus  see  that  the  system 

A,  (9‘)  +  8  (B,  (9))‘  =  8  (C  (M)  89)*.  *  =  0,  I . AT.  ( 6) 

with  the  periodicity  conditions 

q^=q^  (7) 

has  the  "law  of  energy  dissipation" 

S  (A,  (9‘)  9‘  -  ^  (<?*))  - 1 S 

*  ^  ^  0  k 

The  sum  in  the  integrand  in  the  right-hand  side  is  made  up  of  nonnegative 
terms,  which  are  all  dissipation  densities  at  corresponding  grid  points  per 
unit  time. 

For  general  systems  of  the  form 


I  =  V— , 

dt  dxj  ^  dxj  dxs 

y=i  ^  i.i,s 


i  ==  1,  2,. . /7i, 


(1!) 


with  a  symmetric  and  positive -definite  matrix  |(Onsager  conditions  for 
irreversible  processes),  the  construction  is  carried  out  analogously.  The 
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author  has  not  succeeded  in  his  attempt  to  construct  a  difference  scheme 
with  a  rectangular  mesh  for  the  case  of  more  than  one  space  variable; 
tetrahedral  nets  were  used,  which  had  been  first  introduced  for  similar 
(and  more  general)  purposes  by  V.  I.  Lebedev  /2/,  whose  work  we  shall 
closely  follow.  For  simplicity,  consider  the  case  of  two  space  variables 
Pu  Pi  with  the  metric 

d$^  =  4.  (^2)2  dc  =  g^gMp^dp^  (9) 

(curvilinear  orthogonal  coordinates). 

The  linear  differential  operators  of  mathematical  physics  in  these 

coordinates  have  the  form 


gradW  = 

(  1  dW  _1 

1  g^  ^Pi  ’  g' 

‘  ap,  J 

.  dPi 

rot  A  —  1 

L  ^Pl 

rot  ¥  =  - 

1  dW  ^ 

V  dpi 

g^  dPi  }  ’ 

( if  being  a  vector,  W  a  scalar  function  of  pi,  ps).  Formulas  (10)  are  as 

suitable  for  the  verification  of  relations  such  as  rotgrad  ^=0and  div  rot  A-0, 

and  of  various  forms  of  the  Gauss  formula  of  the  type  ^  rot  ’P  3  do  =  -  J  Y  rot  it  da, 

as  the  corresponding  formulas  in  Cartesian  coordinates.  The  difference 
approximation  to  the  operators  (10)  amounts  to  the  following.  A  uniform 
grid  of  points  is  introduced  on  the  pi,  p2 -plane,  as  shown  in  the  diagram. 
These  points  are  labeled  by  indexes  (m,  n)  and  (mH-  V2,  n  +  V2),  and  called 
integral  points.  Between  every  two  such  "integral"  points  we  introduce 
an  auxiliary  "half- integral"  point  {m,  n-}-72)or  (m-f  V2,  n): 


m,  n  -h  1 


m—j.n  +  Y  +  T 
O  * 

^  1  .. 


m  — 

1 

,  n  m,n 

T 

* 

_L 

O 

m  — 

n - -  m,n  — 

2  ’ 

2 

O 

* 

m,n  — 

O 

o 

o 


m  +  -^.  n 
O 


1 

2 


The  function  and  the  "differential"  operators  of  even  orders  are  defined 
at  integral  points,  while  "differential"  operators  of  odd  orders  are  defined 
at  half-integral  points.  The  operators  are  expanded  by  using  analogs 

of  formulas  (10),  with  6'  (i=l,  2) substituted  for 

For  example. 
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rotft X.(,  =  ‘  a  [8‘  -  S* (g‘^»)o,o]  = 

Sq,qSq,o 


=  -rV-K^^ 

So.qSo.o  4-.0  —0 


f  0  -  -.0 


)- 


O'T  4  ‘^'-T 


)I 


(to  obtain  the  value  of  at  point  (0,0)  we  clearly  should  consider  the  vector 
/12) defined  at  the  half- integral  points  oj,  ^0,  ±~j^  . 


We  observe  that  the  "surface  element",  i.e.,  the  weight  with  which  the 
functions  are  to  be  summed,  is  a  =  g>g2(fop  y^it  p^,  intervals). 

We  now  return  to  equations  (T).  Their  finite -difference  analog  at  (0,0) 
(taking  n  —  2)  is  found  to  be 


= 


L^iq,  ^,...,q^^)-L^ig^ 


o.-i 


(11) 


Qi  -gi 


(the  manner  of  averaging  may  also  be  different).  The  other  manipulations 
are  carried  out  as  in  the  one-dimensional  case.  The  law  of  energy 
dissipation  has  the  form 


m 


T 

=  -  (S  (Ml . . 

0  a'.P'  i,s,k 


where  a,  p  run  through  all  integral  and  a',  p'  through  all  half- integral  points. 
The  assumptions  of  symmetry  and  positiveness  of  the  matrix  ||6/a||  (Onsager 

relations)  imply  that  every  term  of  the  sum  over  a',  p'  is  positive  and  can  be 
interpreted  as  density  of  energy  dissipation  rate. 

Finally,  let  us  consider  the  problem  of  the  difference  model  for  viscous 
incompressible  flow.  The  Navier-Stokes  equation  in  the  plane  case  has  the 
form 


2 


divw  ~  0. 
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Let  us  again  consider  periodic  boundary  conditions  (condUions  of  adherence 
are  treated  analogously).  Integrating  the  incompressibility  equation  by 

introducing  a  stream  function  X2)  such  that  —  “a* 


obtain  an  equation  for  tl?: 


_LAi1.+  = 

dt  d{Xx.xii 


(12) 


This  equation  gives  the  enrgy  dissipation  law 


/ 

Jj"  I  rot  i])  I*  dxi  dXi  I*  =  — '  j"  Jj"  ^  dxidxi 


(13) 


which  is  obtained  by  multiplying  (12)  by  ij)  and  integrating  by  parts.  The 

nonlinear  term  does  not  enter  (13).  which  is  apparently  very 

significant  for  the  interpretation  of  the  phenomenon.  However,  it  is  by  no 
means  immediately  clear  how  to  write  a  difference  scheme  with  an 
expansion  of  the  nonlinear  term  which  would  have  this  property  (this  is 
chiefly  due  to  complications  in  constructing  difference  quotients  for 
products).  We  therefore  rewrite  equation  (12)  in  the  form 

A\|)  ==  rot  [rot  -ij)  X  ^  ^ 

dt 

The  nonlinear  term  does  not  enter  (13)  because  of  the  evident  relation 
j  j  (rot  [rot  il)  X  ^1.  H?)  dx^  dx^  =  “  JJ  X  A  rot  if)  dx^  dx^\ 

the  mixed  product  in  the  integrand  identically  vanishes  because  rot  ij;  enters 
twice.  It  follows  from  our  method  of  approximation  of  differential  operators 
that  this  property  is  also  retained  in  difference  formulas  (in  any  curvilinear 
orthogonal  coordinates).  ‘'Integration"  in  differences  of  the  linear  terms 
is  trivial.  We  have  thus  shown  that  the  system 


=  rot/i  frot/,  ySp  X  +  vA^Ajp'”.^ 

dt 

with  periodic  (or  adherence)  boundary  conditions  has  the  energy  dissipation 
law 

(rot/,H)“''P')“  ’ 

l/“0 

o'.P' 

where  a,  p  run  through  integral,  and  a',  p' through  half- integral  points.  Note 

=  diVft  gradA=  —  rot/,  rot/,,  A2  =  A/,  A*. 

In  conclusion  we  observe  that  finite -dimensional  models  can  apparently 
be  used  to  obtain  difference  schemes  having  the  same  properties.  For  a 
very  large  class  of  ordinary  differential  equations  these  schemes  (to 
arbitrary  accuracy)  were  constructed  and  investigated  by  A.N.  Tikhonov 
and  A.  A.  Samarskii  (see,  e.g.,  /3/). 
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A.  L. Krylov  and  E . K .  Proizvolova 

NUMERICAL  STUDY  OF  FLOW  BETWEEN 
ROTATING  CYLINDERS 


We  consider  here  the  following  problem  (for  more  details,  see  /!/» 

§§  18,  26,  28):  a  viscous  incompressible  fluid  is  enclosed  between  coaxial 
cylinaers  of  radii  r,,  r,  (r,  <  r2)and  unlimited  height.  When  the  cylinders 
rotate  at  angular  velocities  Q,  and  Qjthen  at  certain  relationships  between 

the  Reynolds  numbers  Re,  =  ^  and  Re,  =  (where  is  the  viscosity)  the 

simple  stationary  flow  independent  of  angle  and  height  becomes  unstable 
and  gives  way  to  a  different  regime  of  stationary  flow  which,  although  still 
independent  of  the  angle,  periodically  varies  with  height.  These  facts  were 
obtained  by  Taylor  experimentally,  and  also  numerically  (using  small 
perturbations).  Our  aim  is  to  carry  out  a  numerical  analysis  of  the 
phenomenon  for  the  general  nonlinear  formulation,  in  accordance  with 
experiment.  However,  we  assume  the  flow  to  be  periodic  in  height  and 
axisymmetric. 

The  equations  of  motion  in  cylindrical  coordinates  have  the  form  (see 
/2/,  Ch.  1) 


du 

dt 


Ja _ ^  = 

dz  r  dr  \ 


^  „  JL  +  a, +  JfH- =  ,  f  Ao  - 

di  ^  dz  r  V  ^ 

^  +  +  - 2£-  +  vAa- 

dt  ^  dr  ^  dz  az 


and  the  incompressibility  condition 


i 

r 


Here  {«,  v,  tw}  are  the  velocity  components  along  the  coordinates  r,  9,  z, 
^  -j-  JL.  jA  ^  Introducing  a  stream  function,  such  that 

dr*  r  dr  dz* 


- -“(r^t);  w  =  --.  —  ('■'f). 

r  dz  r  dr 


we  integrate  the  equation  of  incompressibility  and,  eliminating  the 
pressure  p,  obtain  a  system  for  if  and  v: 


At 

dt 


dL^ 

dr 


2v  do 
r  dz  ’ 


(1) 
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dv 

If 


yLv  -f 


(1) 


where 


dr^  r  dr  dz^ 


We  seek  a  solution  in  the  domain  n  <r  <  r2  —  H<z<H.  We  set  down 
periodic  boundary  conditions  in  z: 


Z^-H  dz^  Z=H  ’ 

dz^ 

Z^~H  dz”^  jz: 

dh 
~df^ 

/  =  0,1;  m  =  0,  1,2,  3; 

and  adherence  conditions  at  the  solid  boundaries 


V  \r=r^  =  = 


=  0, 


t  =  1,  2. 


(2') 


(2») 


The  simplest  stationary  solution  mentioned  above  has  the  form 

oj)  =  0,  t;  =  yir  +  “  » 

where  A  and  B  are  constants  which  are  expressed  in  terms  of  and  r^, 
i  =1,2,  and  are  independent  of  v.  For  ^2=  Othis  flow  is  stable  for  all 
sufficiently  large  v  (with  constant  and  fii),  and  becomes  unstable  for 
V  =  Vcr-This  phenomenon  is  the  object  of  our  study. 

Equation  (1)  and  the  boundary  conditions  (2)  are  replaced  by  cor¬ 
responding  difference  equations  and  boundary  conditions.  On  the  cylinder 
''i  <'■<  ^2,  — /f  <z<  //we  set  up  a  net  with  constant  r  and  z  intervals: 

r^  —  rx  . 


Tj -f  m/z;  m  =  0,1,. . .  ,  Ai;  /z  = 


M 


z=nk\  rz  =  —  2,  —  1,  0,  1,. . .  ,  A^,  +  1;  *» 

"  N 

p  =  0,  L...  ,P. 

The  values  of  ^  and  v  at  the  point  (r^,  z„)  at  a  time  pr  will  be  denoted  by 
The  difference  approximation  for  (1)  is  taken  in  the  form 

LnVmV 


(3) 


,jP+i 


(4) 


where  L,^,  M^,  Nf,  are  difference  operators  approximating  the  corresponding 
differential  operators  (l/i  is  a  linear  and  M^.  Nf^  are  nonlinear  operators;  in 
more  detail,  see  /3/). 

This  amounts  to  a  two -layer  scheme,  and  the  system  to  be  solved  at  the 
upper  layer  has  the  form 

-  ^l.%V  =  f  (%»■  Kn)- 

1 5  / 

^  mn  mn  ®  \T/nn'  mn'' 

i.e.,  can  be  divided  into  subsystems  in  and  ,  The  stability  of  our 
scheme  depends  on  the  viscosity  v  and  deteriorates  as  v  0;  we  therefore 
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cannot  hope  to  compute  with  this  scheme  the  range  of  high  Reynolds 
numbers.  Fortunately,  the  phenomenon  in  question  is  observed  in  the 
range  of  moderate  Reynolds  numbers,  around  100  —  200. 

The  system  for  the  determination  of  at  the  (p+  l)-th  layer,  after 

introducing  the  notations  'tmi ,  . . .  .  can  be  written  in  the 


matrix  form 


m  =  2,  3, . . . ,  Ai  —  2; 


with  boundary  conditions 

;FS+'=o, 

l'iS,+'=o. 

4 

The  vectors  ^  satisfy  the  periodicity  condition 

l-Sis  = «!■!,=  (8) 

’!?£!■' =  cy+i- 

The  matrices  A„.  D„,  E„  in  (6)  are  all  symmetric  and  cyclic.  A 

matrix  is  said  to  be  cyclic  if  every  one  of  its  rows  can  be  obtained  from  the 
preceding  row  by  a  cyclic  shift  to  the  right,  i.e., 

a/+i./  —  aj,/_i  (/  0)  and  fli+i.o  ~  C/.a^-i, 

y_0  1).  A  cyclic  matrix  is  thus  completely  defined  by  its  first 

row.  ’  The  cyclic  matrices  constitute  a  ring;  the  inverse  of  a  cyclic  matrix 
is  also  a  cyclic  matrix.  It  is  convenient  to  interpret  cyclic  matrices  as 
"vectors'*  X  =  {a:J  with  the  operations 


X  +  +  cX^{cx,}\ 

I  N-\ 

X  •  f  =  ^  x^VN+i-k'^  ; 

A-0  A-/+1 


(X-1  is  the  first  row  of  the  cyclic  matrix  which  is  the  inverse  of  the  cyclic 
matrix  whose  first  row  is  X).  Observe  that  operations  with  cyclic  matrices 
are  essentially  simpler.  These  matrices  always  appear  when  one  of  the 
coordinates  is  implicit  in  an  equation  (in  our  case,  also  in  boundary 
conditions;  for  more  details,  see  /3/). 

System  (6)-(7)  will  be  solved  by  the  method  of  matrix  forcing,  which 
in  this  case  amounts  to  the  following.  Consider  two  relations  for  three 
consecutive  vectors 
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Iff"*"',  which  for  i  =  m  —  2,  m —  1,  take  the  form; 

+  K„_2iS+'  +  ZH+X 
t't'i  =  + zst'i. 

Biserting  these  relations  in  (6)  we  obtain  the  analogous  relation  for  i  =  m: 

(  9) 

Relation  (9)  can  easily  be  written  for  m  =  0,  1  using  the  boundary  conditions 
at  the  inner  cylinder: 

Xo  =  Y,  =  Y,^0.  Xi  =  -L£,  2g+>=ZH-'  =  0, 

where  £  is  the  unit  matrix. 

Direct  forcing  involves  successive  determinations  of  matrices  Y„ 
and  vectors  from  recurrence  formulas;  should  be  determined 

only  once  (for  all  p),  where  Z^  depends  on  the  layer  number.  Having 
obtained  the  last  forcing  relation 

=  XfA~2'^V~\  +  Ym~2'^^^  +  Z^t.2> 

we  apply  the  second  boundary  conditions  =  0;  =—\p55li3, 

4 

to  determine  and  then,  from  (9),  we  successively  determine  for 

m  =  Af  — 2,  M  — 3,  2.  This  is  the  reverse  forcing.  The  system  for 

V^n  is  solved  analogously;  the  corresponding  boundary  conditions  at  the 
cylinders  have  the  form 

£;5+“  =  Qiri7,  =  Q^r^e, 

where  e  =  (1,1,  I). 

We  now  proceed  with  an  analysis  of  the  numerical  results.  Computations 
were  made  for  a  grid  with  M  =  20,  =  10  for  Q,  =  1,  =  O.n  =  1,  =  2  (the 

Reynolds  number  was  thus  specified  by  the  dimensionless  viscosity  v). 


FIGURE  1.  Variation  of  V  in  time: 

I-t=  -4-,  // = /;  II-T  =—.//  =  21. 
4  32 
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As  initial  values  ijjSifl,  Vmn  we  assumed  a  distribution  of  ij?,  v  close  to  the 
simplest  stationary  solution. 

We  were  mostly  concerned  with  the  following  problem:  given  a  constant 
Reynolds  number  v  —  find  the  possible  periodic  regimes;  in  particular, 

aUU 

establish  the  existence  of  "stronger”  frequencies  in  the  part  of  the  spectrum 
which  is  unstable  under  infinitesimal  perturbations. 


FIGURES,  y -field  for 
(flow  II)  at  time 


^  =  30;  t 


32 


FIGURE  4.  field  for  N  =  4l 
( flow  III)  at  time 


i  =  70  ;  X 
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Computations  were  made  for 


In  the  first  and  the  second  cases  analogous  flow  patterns  were  obtained, 
with  a  pair  of  counter-rotating  vortices  per  period.  The  evolution  to 
stationary  regime  is  shown  in  Figure  1.  Observe  that  the  initial  growth  of 
^m/i »  ^mn  in  flow  I  is  gentler  than  in  flow  11  and  that  its  amplitude  (in  ^)  is 
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smaller.  Flow  I  is  less  intense  than  flow  II.  In  the  second  case  the 
principal  harmonic  of  flow  I  is  "offset"  by  the  gentler  flow  II. 

The  situation  in  case  III  {H  =  4/)  is  entirely  different.  Here  the  gentle 
harmonic  of  period  4/,  which  in  the  infinitesimal  approximation  has  a  time 
growth  one  order  smaller,  is  offset  by  the  principal  harmonic  21  so  that  the 
stationary  flow  in  case  III  is  simply  twice  repeated  flow  II  (Figures  2,  3,  4). 

This  confirms  the  hypothesis  of  M.  A.  Lavrent'ev  that,  of  the  possible 
spectrum  of  unstable  frequencies,  only  the  frequency  which  has  the  fastest 
rate  of  time  growth  in  the  linear  approximation  is  actually  observed  /4/ 
(Lavrent'ev  originally  analyzed  the  behavior  of  a  rod  beyond  the  stability 

limit).  In  our  problem,  the  strongest  period  is  21  (frequency  «  =  3-2). 

This  conclusion  also  follows  from  the  linear  theory. 

We  wish  to  thank  I.  M.  Gel'fand  whose  influence  and  active  participation 
contributed  greatly  to  the  initiation  of  projects  on  numerical  investigation 
of  stability  of  viscous  flow.  The  present  work,  in  particular,  is  a 
continuation  of  /3/  carried  out  under  the  guidance  of  1.  M.  Gel'fand.  We 
are  also  grateful  to  S.  B.  Mostinskaya  and  Yu.  Gormatyuk  who  participated 
in  the  compilation  of  the  program. 
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A .  L.  Krylov  and  A .  F.  Misnik 

STABILITY  OF  VISCOUS  FLOW  BETWEEN  TWO 
ROTATING  CYLINDERS 


We  present  here  the  results  of  numerical  integration  of  the  Orr- 
Sommerfeld  equation  for  viscous  fluid  enclosed  between  rotating  cylinders 
(Taylor  flow).  A  neutral  curve  was  plotted  in  the  plane,  where  R 
is  the  Reynolds  number  of  undisturbed  flow,  and  X  is  the  frequency  at  which 
loss  of  stability  occurs  (the  disturbance  has  the  form  ). 

The  equation  of  stability  of  Taylor  flow  was  found  to  reveal  spectral 
properties  which  strongly  differ  from  those  of  the  equation  of  stability  of 
Poiseuille  flow. 

1.  Consider  incompressible  viscous  flow  between  rotating  concentric 
cylinders  of  unlimited  length.  If  u,  v,  w  are  the  velocity  components  along 
r,  0.  z,  the  problem  has  the  "trivial"  stationary  solution 

u  =  w  =  0,  v  =  Ar  +  ~,  (1) 

r 

where 


/?/ being  the  radii  of  the  cylinders,  Q/ their  angular  velocities  (/  =  1,2). 

An  investigation  of  the  stability  of  this  solution  amounts  (see  /!/,  Ch.  1) 
to  investigation  of  the  spectral  properties  of  the  system 

(Z,  —  X*  —  cR)  0  =  2'kRAi^,  (2) 

>('  =  ■—=0  =  0  for  r  =  Ri  (/=1,2), 

dr*  r  dr  r* 

Here  X  and  a  are  parameters  which  can  physically  be  interpreted  as  z-  and 
/-frequencies  of  the  solution  for  small  perturbations  of  the  "trivial"  solution 
(X  >  0,  a  =  ai  +  W2).  For  given  X  and  a  we  must  find  a  Reynolds  number  R 
for  which  the  homogeneous  problem  (2)  has  a  nontrivial  solution.  The  case 
o  =  0  is  called  neutral  and  corresponds  to  stationary  secondary  flow;  the 
curve  in  the  (/?,  X)-plane  corresponding  to  the  neutral  case  is  called  the 
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neutral  curve.  The  least  (in  \)  Reynolds  number  on  this  curve  is 
called  the  c  r  itical  Reynolds  number;  it  is  the  stability  limit  of  the 

"trivial"  solution.  j  i.  •  j 

The  critical  Reynolds  number  for  this  problem  was  fxrst  determined 
by  Taylor  /2/.  The  basic  ideas  of  Taylor,  who  approximated  the  solution 
by  a  linear  combination  of  functions  and  determined  the  coefficients  by 
equation  of  the  infinite  determinant  of  the  system  to  zero,  were  further 
developed  in  /3,4/. 

With  high-speed  computers,  it  is  more  expedient  to  solve  problem  (2) 
by  the  method  of  finite  differences,  which  provides  a  more  direct  way  to 
the  solution.  This  is  particularly  evident  for  related,  but  more  complicated 
problems,  e.g.,  the  study  of  stability  of  Poiseuille  flow  where  instability 
sets  in  at  very  high  Reynolds  numbers,  giving  a  small  coefficient  for  the 
leading  derivatives  (see  /!/).  None  of  the  above  papers,  however,  gives 
the  neutral  curve  for  Taylor  flow.  Our  procedure  is  close  to  that  of 
Thomas  /5/. 

2.  To  obtain  a  difference  approximation  to  system  (2),  we  use  a 
procedure  first  devised  by  Gauss,  and  later  developed  by  Numerov, 

Jackson,  and  Thomas  (see  /5/). 


Setting  ii)  =  r  2  q,  and  v  =  r 


we  remove  the  derivatives 


dr^ 


and 


dr 


from  equations  (2). 

After  this  substitution,  system  (2)  takes  the  form 


where 


qjdV)  +  C(p'  +  4-  Eu  =  0, 

u"  +  Gw  +  Fcp  =  0, 


E - 2X«(^  +  ^). 

f  =  —  2X/?>1. 


(2') 


If  we  replace  the  derivatives  using  the  ordinary  difference  formulas 
m(IV) - L  (^^^2  —  49, +1  +  69,  —  49, +  9i_2). 

hr 

we  obtain  a  truncation  error  of  the  order  of  per  step.  A  similar  error 
occurs  in  the  approximation 

u" - + 

To  reduce  the  truncation  error,  we  make  a  different  substitution: 

«  =  (1  +  +  •••)/» 
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where  6^  is  the  second  central  difference  operator 

Px  ==  jjf+i  —  2xi  +  ^  X  {r  -j-  h)  —  2x  (r)  X  (r  —  A), 

and  the  coefficients  kv,  /v  are  determined  from  the  conditions  of  best 

approximation.  It  is  easily  seen  that  setting  ,  /i  =  —  and  Av=/v=0(v 

6  12 

=2,  3,  . . .)  ,  we  obtain  an  accuracy  of  the  order  of  hi  We  finally  obtain  the 
following  formulas  and  estimates: 


dr^  ^ 


3103 


50400 


cP 
dr^ 
d 


Omitting  terms  of  the  order  of  h\  we  rewrite  system  (2’)  in  the  form 

ASi+2  +  ^iSi-¥l  +  4-  +  ASi-2  + 

4- =  0,  (3) 

4-  F igi-i  +  4-  “  0, 

t  —  0,  1,  ....  n  —  1, 


where 


- ^A2 

‘  3 


4- 


=  6  +  ± /,»(  ^  +  2x4  + -L  .4  x«  + -1 


C,  =  l- 


//f  =  -2-— A2 
^  6 


(^T+") 
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The  boundary  conditions  are  also  approximated  to  within  h\  as  in  /5/ 

(note  that  the  variables  require  the  addition  of  one  point  at  each  end 

of  the  interval).  System  (3)  with  the  boundary  conditions  is  solved  by  the 
forcing  method,  i.e.,  by  successive  elimination  of  the  pairs  (gf.  A)  from 
left  to  right.  We  thus  obtain  the  recurrence  formulas 

gl  =  +  yiSi+2  + 

f{  ==  +  hBi+2  + 

Where  the  coefficients  X,.  K,.  Z,  a,  Y.  are  expressed  by  certain 
recurrence  formulas  in  terms  of  the  coefficients  of  system  (3)  at  the  i-the 
point  and  the  forcing  coefficients  at  two  preceding  points.  At  points  r_i 
and  ro  the  forcing  coefficients  are  simply  expressed  in  terms  of  the 

coefficients  of  the  equation.  .  4.  ^  ^ 

For  given  X  and  R  we  can  compute  the  forcing  coefficients  and  find  a 

relation  between  f  and  g  at  the  right  endpoint.  It  has  the  form 

{Yn-2  -  Y  Xn-2  -  =  0‘ 

If  the  factor  preceding  g„  does  not  vanish,  then  g„  =  0  and,  as  is  readily 
seen  =0.  It  then  follows  from  (4)  that  fi~gi-0  (i  -  1,0,...,  +  ), 

i.e.,  *the  problem  has  a  trivial  solution  only.  The  equation  of  the  neutra 
curve  can  thus  be  written 

(6) 

If  A1  =  0.  we  can  take  #  0  and  find  a  neutral  solution,  which  is  the 

corresponding  eigenfunction.  i  ^  +v.o 

Computations  were  made  for  n  =11, 16,  26  points.  An  analysis  of  the 
numerical  data  shows  that  the  results  with  n  =  16  and  n  -  26  do  not  d^iffer 

for  all  practical  purposes,  i.e.,  the 
solution  is  independent  of  h  and  therefore 
solves  the  differential,  as  well  as  the  differ¬ 
ence  equation.  20  — 25secoftheSTRELA 
computer  time  were  required  to  find 
the  root  R  of  the  equation  M  (KR)  =  0  to 
within  10 ‘3  for  a  given  X  with  n  =  16. 

3.  We  see  from  the  graph  that  the 
Taylor  flow  has  a  neutral  curve  with 
two  branches,  one  of  which  approaches 
the  axis  X  =  0,  and  the  other  recedes  to 
infinity  in  both  R  and  X.  Therefore, 
unlike  Poiseuille  flow,  all  the  frequencies 
of  Taylor  flow  eventually  become  unstable. 
The  critical  Reynolds  number  R  which  is  the  smallest  (in  X)  I'ootof  the 
equation  of  the  neutral  curve  (6)  is  equal  to  68.191  for  X  =  3.2  .  The  genera 
nonstationary  case  a  =  a.  +  m,  was  calculated  analogously  to  the  neutral 
curve  for  a  =  0.  The  program  was  run  on  the  STRELA  computer  at  the 
Computational  Center  of  the  Moscow  State  University.  The  critical 
Reynolds  number  was  calculated  in  the  M.  Sc.  thesis  of  G.  Tolstova  in 

1959/60. 
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L.  A.  Chudov  and  T.  V. Kuskova 


APPLICATION  OF  DIFFERENCE  SCHEMES  TO  COMPUTATION 
OF  NONSTATIONARY  FLOW  OF  VISCOUS 
INCOMPRESSIBLE  FLUID 


§  1.  INTEODUCTION 

Two-dimensional  nonstationary  flow  of  a  viscous  incompressible  fluid 
is  described  by  the  equation 


_  =  vAAd» 


du  dx  dx  dy 


(1) 


where  is  the  stream  function,  ^  =  “  is  the  velocity  component  along  the 

jT-axis  =  ti  is  the  velocity  component  along  the  y-axis,  v  the  kinematic 

*  dx 

vise  OS  ity . 

Numerical  solution  of  equation  (1)  involves  considerable  difficulties. 
These  difficulties  are  due  to  the  following  reasons:  first,  equation  (1)  is 
not  explicit  in  the  .time  derivative,  second,  it  is  nonlinear,  third,  at  small 
V  the  solution  of  equation  (1)  near  the  boundary  of  the  region  in  which  the 
solution  is  sought  generally  behaves  as  a  boundary  layer,  i.e.,  intensely 
varies  along  the  normal  to  the  boundary. 

Attempts  to  apply  semi-analytical  methods,  as  the  methods  of 
Kantorovich  (the  ray  method)  and  Galerkin,  to  computation  of  nonstationary 
viscous  flow  show  that  as  the  problem  becomes  more  complicated,  the 
programming  difficulties  mount  rapidly  owing  to  lack  of  standard 
procedures.  Moreover,  estimating  the  computational  error  is  a  very 
difficult  task  with  these  methods.  Difference  methods  seem  rnore 
promising  as  regard  the  possibilities  of  programming  and  estimating  the 
computational  accuracy. 

It  is  quite  obvious  that  the  solution  of  equation  (1)  by  difference  methods 
is  a  complicated  problem.  Since  in  this  equation  Ai})  has  to  be  differentiated 
with  respect  to  at  every  time  section  we  must  solve  (by  some  iterative 
method)  a  difference  Poisson  equation  for  i|).  As  the  equation  is  nonlinear, 
to  ensure  second  order  accuracy  with  respect  to  the  time  interval, 
additional  iterations  must  be  made  at  every  time  section,  or  alternatively 
more  complicated  schemes  should  be  employed  (the  three-layer  scheme, 
the  '‘tripod”  scheme,  etc.).  The  fourth-order  derivatives  in  the  equation 
substantially  complicate  the  computational  algorithm,  and  the  abrupt 
variation  of  the  solution  near  the  boundaries  requires  either  a  nonuniform 
mesh  or  a  very  fine  one. 


Until  now  only  very  few  papers  have  been  published  on  the  application 
of  difference  methods  to  the  solution  of  non  stationary,  or  even  stationary 
problems  of  viscous  incompressible  flow  described  by  the  complete  Navier 
Stokes  equation  (see  /!/— '/6/).  These  works,  however,  mostly  give  no 
estimates  of  the  accuracy  of  the  results.  This  is  due  to  the  exceeding 
cumbersomeness  of  the  computations  which  generally  strained  to  the  limit 
the  capacities  of  the  techniques  used,  and  also  to  obvious  difficulties  of 
deriving  theoretical  estimates  of  errors  in  difference  schemes  used  to 
approximate  equation  (1).  It  was  therefore  necessary  to  devise  model 
problems  for  evaluating  the  effectiveness  of  difference  methods,  in 
particular,  to  investigate  such  problems  as  choice  of  schemes,  determina¬ 
tion  of  grid  parameters,  and  of  iterative  processes. 

In  the  present  article  the  analysis  is  made  for  the  model  equation 


=  vAA^.  +  a^  +  b-^ 

dt  dx  dy 


(2) 


with  constant  coefficients  A,  B,  v.  The  Cauchy  problem  for  equation  (2)  is 
considered  (on  the  entire  x,  y  plane  for  ^  >  0). 

With  suitable  requirements  satisfied  by  the  initial  conditions,  the 
solution  of  this  problem  can  be  represented  as  a  Fourier  integral 


where 


^  {X,  y 


oDg)  da)i  rf(D2, 


X  =  X  (cOj,  tDg)  =  —  ^ 


(3) 

(4) 


The  approximate  solution  obtained  with  any  of  the  difference  schemes 
can  be  represented  in  the  form  (3)  by  substituting  k  for  X.,  where  X  depends 
on  the  choice  of  the  scheme,  the  mesh  size,  and  also  the  iterative  processes 
and  their  respective  parameters.  The  accuracy  of  the  results  is  estimated 
here  by  comparison  of  the  factors  and  which  specify  the  variation  in 
time  of  the  exact  and  the  approximate  solution.  Given  the  accuracy  with 
which  the  approximate  solution  should  be  computed,  we  can  determine  the 
mesh  size  and  the  parameters  of  the  iterative  processes  for  the  scheme  in 
question. 

In  the  present  article  we  only  deal  with  the  choice  of  mesh  size  for 
certain  difference  schemes.  In  future  we  intend  to  investigate  by  this 
method  various  iterative  processes  which  can  be  applied  to  the  solution  of 
difference  equations  at  layers  corresponding  to  these  particular  schemes 
As  an  example  of  the  application  of  the  results,  we  considered  the 
stability  of  Poiseuille  flow. 


•  The  results  of  an  investigation  of  one  simple  iterative  process  are  presented  in  the  author’s  paper 
"Issledovanie  skhodimosti  prosteishikh  iteratsionnykh  protsessov  i  ustoichivosti  raznostnykh  skhem  s 
uchetom  iteratsionnykh  oshibok  dlya  uravneniya  Nav'e-Stoksa"  (A  Study  of  Convergence  of  Simple 
Iterative  Processes  and  of  Stability  of  Difference  Schemes  with  an  Allowance  for  Iteration  Errors  for 
the  Navier-Stokes  Equation).  —  Report  of  the  Computational  Center  of  Moscow  State  University.  1962. 
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§  2.  THE  PRINCIPAL  HARMONIC,  THE  MAIN  RECTANGLE. 
CHARACTERISTIC  TIME.  ACCURACY  STANDARD* 


Let  us  first  define  some  necessary  concepts.  Suppose  that  the  solution 
y^(x,  y,  t)  does  not  change  (to  within  pre-assigned  accuracy)  if  the  integral 
(3)  is  "truncated”,  i.e.,  if  the  infinite  integration  domain  is  replaced  by 
the  rectangle 

0<|o)i|<(o5,  0<|Q)al<a)0. 

The  sides  cof,  cos  are  determined  by  the  smoothness  of  the  solution  required; 
they  sometimes  can  be  inferred  from  some  previously  found  approximate 
solutions,  and  sometimes  from  experimental  data.  A  solution  of  the  form 

g/wjx  gftoOff  ^ill  be  called  the  principal  harmonic,  and  the  rectangle 

|o  0<y<^|  the  main  rectangle.  The  mesh  size  required  for 

sufficiently  accurate  computation  of  the  principal  harmonic  will  be 
characterized  by  the  number  of  grid  points  N (cojf,  o®  )  in  the  main  rectangle. 
We  shall  show  (§  4)  that  N,  in  a  certain  sense,  is  a  constant  number 
independent  of  co?,  Let  the  region  Q  where  the  solution  is  being 

determined  by  Li  long  on  the  side  parallel  to  the  jif-axis  and  along  the 
axis  t/.  In  view  of  the  preceding  remark  concerning  hi,  we  see  that  the 
total  number  of  grid  points  required  to  compute  the  principal  harmonic 
with  pre-assigned  accuracy  is  proportional  to  the  number  of  rectangles, 
equal  in  area  to  the  main  rectangle,  necessary  to  cover  the  domain  Q.  The 
total  number  of  mesh  points  is  thus  equal  in  order  of  magnitude  to 

iV.For  the  schemes  considered  below,  the  truncation  error 

decreases  with  decreasing  coi  and  0)2,  so  that  for  purposes  of  estimating  the 
accuracy  of  the  solution  it  is  sufficient  to  concentrate  on  the  principal 
harmonic.  To  simplify  the  notations,  we  shall  write  in  what  follows  wi,  02 
for  Q>?,  CD®.  The  relative  error  of  the  approximate  solution  for  the  principal 
harmonic  at  time  t  is 


For  small  /  this  error  is  approximately  proportional  to  |X  — XjL  The 
difference  |1  — ;i|/  thus  characterizes  the  relative  error.  To  make  this 
characteristic  independent  of  t,  we  introduce  the  concept  of  characteristic 
time.  We  define  it  as 


r.  =  — —  —  ^  .  (5) 


This  definition  of  characteristic  time  can  be  justified  as  follows.  According 
to  (4),  the  time  variation  of  the  principal  harmonic  amounts,  first,  to  a 
change  of  amplitude  (due  to  the  term  v(cdi  -1-  (02 ))  and,  second,  to  a  change 
of  phase  (due  to  -}-  /Bcoa)  •  If  A  ^  B  ^  0,  then  during  the  time 
the  logarithm  of  the  amplitude  will  change  by  1,  and  the  phase  will  remain 

*  The  concepts  introduced  in  this  section  and  the  general  procedure  employed  were  developed  by 
L.  A. Chudov  in  application  to  the  equation  u/ —  vA u+Amj.  +Buyin  his  special  course  Difference 
Methods  for  Solution  of  Parabolic  Equations"  given  at  the  Moscow  University  in  1960/61. 
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constant.  If  v  =  0  (and  Am  +  S(02  ^  0),  the  phase  will  change  by  1,  and  the 
amplitude  will  retain  its  previous  value.  In  the  general  case,  during  the 
time  Tchar^  either  the  logarithm  of  the  amplitude  or  the  phase  will  change 
considerably  (but  by  no  more  than  1). 

The  relative  error  of  the  approximate  solution  during  time 

S^|g(T-X)|M— l}^|  -Y--|. 

The  overall  error  is  made  up  of  the  errors  due  to  approximation  of  the 
derivatives  with  respect  to  x  and  y,  of  the  derivative  with  respect  to  t,  and 
to  iterative  processes.  When  choosing  the  mesh  parameters  and  the 
iterative  processes,  we  shall  require  that  each  of  these  errors  will  be  of 
the  same  order  of  smallness  as  a  small  number  k,  which  will  be  called  the 
accuracy  standard  (technically  this  is  more  convenient  than  to  impose  the 
requirement  of  smallness  directly  on  6).  Approximate  equality  of  these 
errors  clearly  characterizes  optimum  choice  of  parameters.  In  this  case 
6  =  3^. 


§  3.  DIFFERENCE  SCHEMES.  STABILITY 


We  first  consider  two  two -layer  difference  schemes  which  can  be 
written  in  the  general  form 

Here  A/,./  is  the  approximation  to  the  operator  A  =  on  a  grid  with 

Ax  —  h.  Ay  —  l\Lh,i  is  the  approximation  to  the  operator  on  the  right-hand  side 
of  equation  (2);  At  —  x  the  time  interval;  ai,  02  weights,  satisfying  the 
conditions  aj  +  02  =  1,  ai  >  0,  ag  >0;  ^  ^  {mh,  kl,  nx). 

We  now  proceed  with  the  description  of  the  difference  operators  Ah,t 
and  Lhj.  We  shall  consider  two  alternatives  differing  in  order  of 
approximation. 

Alternative  A.  Approximation  error  0(/i2 4-/2) 


where 


k  A  I  ^4'm— l,fe  .  Ji  A,t,  -  1 


Alternative  B.  Approximation  error  0(/i^  +  ^). 


(10) 
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1456 


~  'I'm.A - ^xxxx  +  ^yyyy)^m,k] 

D 

-  -A  [S^  +  m^yyy)  +  2/1^5^  (4  ^  4)  ^m,k]  “  (  1  1) 

- ^  (^^4jcjr  +  i^^yyyy)  'I’m,*  +  ^^^^yyy  “{“  ^f/i/) 

Here  6,ij)m.A;  *;...;  6yyyy'^m,k  is  the  central  difference  approximation  to  the 

derivatives  A  W  is  the  analogous  approximation 

dx  dx^  dy*‘ 

to  the  expression 


+^1 

+  ^V 

(12) 

dx^  \  dx^ 

'  dy^' 

\dx* 

dy*  J 

The  difference  expressions  (10)  and  (11)  were  obtained  from  (8),  (9)  by 
computing  the  main  terms  of  the  error  with  subsequent  substitution  of 
difference  quotients  for  the  corresponding  derivatives.  The  stability  of 
difference  equation  (7)  for  every  alternative  will  be  investigated  in  the 
case  of  time-symmetric  implicit  scheme  (ai  =  V2,  02— V2)  and  in  the  case  of 
** explicit”  scheme  (ai  =  0,  aa  =  1)*. 

We  investigate  stability  using  the  Fourier  transform,  i.e.,  we  seek  a 
solution  of  the  form  .  For  these  solutions,  application  of 

operators  ^h.l  and  Lft.z  amounts  to  multiplication  by  Ah,/(a)i,  (Og)  a,nd  Lh,i  {(Hi,  ©a). 

Computing  s,  we  obtain 


1  -j-  TOj 


S  = 


i  (toi,  0)2) 
Ah  /  (‘‘ii,  <*>2) 


For  alternative  A  we  have 


l  -  TOi 


(  sin2  sin* 


^h,i  “3) 

Aft,/  (<»l,  «2) 


<*>2/ 


s(^)  = 


I  2  ,  *’■"  2  I  .  /  sinwi/i  sincoaA 

-  rA-i^- + ~ir-  h  ”  +^— ~j 


I  Sin  2  2  1  /.sina>i/t  ,^sinw2/\ 


For  alternative  B  we  have 


5(5)  = 


I  +  “2''^  iP  +  Q) 


where 


i-oit(P'fQ) 

Q  =  i -L-  r  Ai  +  ; 

I  +Ci  L  ^  ^  J 

■^1  =  1  “T  ~  sin^  — h  Cii 


(13) 


(14) 


(15) 


This  scheme  is  actually  implicit,  since  only  Aft,/  is  determined  explicitly;  to  find  a 

difference  Poisson  equation  should  be  solved. 
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§  4.  DETERMINATION  OF  SPACE  INTERVALS  FOR  SCHEMES 
OF  SECOND-ORDER  ACCURACY  IN  h  AND  / 

As  we  have  stated  in  §  2,  we  investigate  errors  of  approximate  solution 
due  to  K  I  and  x  in  the  principal  harmonic  only.  We  write  an  approximate 
solution  s"  in  the  form  i.e.,  we  set 

I  =  I ((Dj,  ©2,  h,  I,  t)  =  —  In  s  (©1,  ©2»  ^)- 
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Taking  first  t  =  0  we  find  h  and  I  so  that 


where  k  is  the  accuracy  standard.  From  the  general  formula  (13)  we  have 


X  (©i,  ©2,  h,  I,  0)  — 


h,i 

A/t,/  («1,  f>9) 


(21) 


The  expression  of  X  for  the  complete  differential  equation  is  given  in  §1,  (4), 
We  now  proceed  with  alternative  A  (scheme  with  second  order  error  in 
h  and  /).  We  again  consider  two  particular  cases. 

Case  I.  A  =  5  =  0 .  Then 


X  =  -  4^ 


sin2 


tOj/l 


sin* 


X  =  —  V  (©I  4"  ©!)• 


The  permissible  h  and  I  should  thus  be  found  from  the  condition 


1 


_i_  _ L- 

“l  +  “I  \ 


(22) 


The  left-hand  side  of  (22)  can  be  rewritten 


4 

-in'  “1*  'l  \  (l 

_ L.  sinS 

"Sin  1  9  9  ^  1  ^ 

2  /  “I  +  \ 

<4'  2  J 

1  , 
“l+  “2 

(23) 


whence  it  is  obvious  that  the  errors  due  to  h  and  I  are  averaged  with  weights 
proportional  to  ©i  and  ©i.  We  shall -first  require  that  each  of  the  errors 
for  the  principal  harmonic  be  of  the  order  of  k.  Designating  the  permissible 

values  of  and  by  cp,  we  obtain  the  following  equation  for  qp: 

1  stn*<p  ^  ^  (24) 

Solving  this  equation  for  <p  and  various  k,  we  obtain  the  following  table: 


k  o.ooi 

(p  0.055 

N  =  NiyNi  28  X  28  =  784 


0,01 

0.17 

10  X  10=  100 


0.05 
0.392 
4X4  =  16 


(25) 


The  third  row  gives  the  approximate  number  of  points  in  the  main 
rectangle  which  ensures  the  required  accuracy.  This  number  is  determined 
as  follows.  The  length  of  the  side  of  the  main  rectangle  parallel  to  the 

jc-axis  is  — ,  the  mesh  size  h  is  determined  from  the  equality  =  q>,  i.e., 

h=  The  number  of  mesh  intervals  in  this  side  of  the  rectangle  is 

therefore  — —  /  -^  =  —  .  For  the  other  side,  the  one  parallel  to  the 

a>i  /  Wj  2'f 

w-axis,  we  have  ~  /  ^=  —  ,  which  is  equal  to  As  we  have 

^  wa  /  «2  2<p 

previously  observed  (§2),  ^  remains  constant,  regardless  of  ©i  and  ©^  (it 
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must  be  remembered  that  the  ratio  of  the  sides  is  ~  which  is  exactly  equal 

CD| 

to  the  ratio  of  the  mesh  spacings  In  case  of  frequencies  which 

considerably  differ  in  order  of  magnitude,  say,  a  case  encountered 

in  some  problems  (e,  g.,  the  stability  of  Poiseuille  flow),  we  see  that 

{\ _ enters  (23)  with  a  very  small  weight  and  it  would  seem 

I  a)*A»  2  /  A  / 

that  we  can  determine  q>i  =  .  <pj,  .using  the  formulas 


1 


sin^  yi 


=  k 


sin®  tp2 

T' 


=  k 


The  second  formula  is  close  to  the  original  (24),  while  the  first,  already 
with  ©1  =  -^,  gives 

Using  this  formula  we  could  apparently  increase  h  several  times.  However, 
this  applies  only  for  the  main  frequencies.  As  ©2  decreases,  the  weights 
are  redistributed  and  in  this  case  the  error  could  increase.  In  what  follows 
we  therefore  determine  (p  (and  consequently  also  h  and  /)  from  conditions 
(2),  (4),  whose  accuracy  is  unaffected  by  the  decrease  of  ©i  and  ©2. 

Case  11.  V  =  0.  We  have 


Then 


X  =  Msin-^  +  iB  ,  X  =  iAiOi  +  i5©a 

A  / 

I  X— X  [  _  I  Ai-Oi  f  I  sin  «0iA  \ 

I  X  I  1  A<»i  +  \  “1^  / 

_i_  f  j  _  sin  coa/  \  I  ^ 

v4wi  +  flwj  X  “2^/1 


We  first  assume  that  the  weights 


and 


have  the  same 


i4o3i  -}“  50)2  i4o)i  -f-  Bwj 

sign.  Then,  as  in  the  previous  case,  the  condition  of  accuracy  for  h  and  I 


has  the  form 

where  is  the  root  of  the  equation 

f] 


(26) 


We  obtain  the  following  table: 


0.001 

0.0775 

40  X  40=  1600 


0.01 

0.245 

13  X  13=  169 


0.05 

0.55 

6  X  6  =  36 


(27) 

^  =  Afi’  X  Ni 

If  AiO]  and  5©2have  different  signs,  it  is  more  difficult  to  estimate  the 


accuracy,  since  the  "weights” 


and 


Bi»2 


may  then  have  large 


4-  Bu>2 

absolute  values.  This  case  requires  further  analysis  with  special 
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consideration  of  the  actual  values  of  A  and  B,  and  will  not  be  discussed 
here  any  further. 

Let  us  now  consider  the  general  case  of  equation  (2). 

We  have  T=Ti +Tn,  X  =  Xi+Xii,  where 


Then 


Xj  ss:  —  V  (fi)2  -{-  (0^,  Xu  =  =  i  (Awi  -h  ^©2) 


X  — X 

S  \2 

_  .  I  1 

i  h  —  h  y  \ 

X 

[  h  )  +  Hii  \  H-n  / 

(28) 


Hence  it  follows  that  in  the  general  case  the  relative  error  of  X  does 
not  exceed  k,  if  h  and  I  are  chosen  so  that  this  error  for  each  of  the 
previously  considered  cases  does  not  exceed  k.  Stronger  requirements 
are  imposed  on  h  and  I  by  the  second  case.  To  obtain  more  exact  estimates 
of  h  and  /  in  particular  problems  we  should  take  into  consideration  the 
weights  of  the  errors  of  the  two  different  cases  (i.e.,  allow  for  the 
relationship  between  %i  and  |xii).  We  see  from  a  comparison  of  the  grids 
for  cases  I  and  II  that  the  gain  in  the  number  of  mesh  points  achieved  in 
this  way  is  relatively  small,  since 

jVir  1.7^1, 


§  5.  DETERMINATION  OF  SPACE  INTERVALS  FOR  SCHEMES 
OF  FOURTH  ORDER  ACCURACY  IN  h  AND  / 

Consider  alternative  B  of  approximation  to  A  and  L  which  ensures  fourth 
order  of  accuracy  relative  to  h  and  U  As  in  the  preceding  section,  we  first 
consider  particular  case  I,  determining  T  from  (21). 

Case  1.  A~B  =  ^.  Here  X  =  P,  where  P  is  determined  from  (15), 

X  =  V  (0)2  +  0)2). 

Proceeding  from  the  results  of  the  preceding  section  for  schemes  of 
second  order  accuracy,  we  obtain  for  h  and  I 


Then 


Mift  _  tt>a/ 

1  2”  ’ 


(29) 


X  — X 


X 


sin*y 

<P* 


2 

1  +  sin* 

3 

1  +  —  sln2  ^ 


Thus  cp  is  found  from  the  equation 
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Comparing  these  results  with  table  (25),  we  see  that  the  fourth-order 
scheme  enables  h  and  /  to  be  considerably  increased  (by  a  factor  of  some 
2,5  for  A  =  0.01). 

Case  II.  '❖^O.  We  have  X  =  Q,  where  Q  is  determined  from  (15), 

X  =  i  {/loi  +  Bcoa)  •  Setting 

T)  =  (iiih  —  0)2^,  (31) 


we  find  i\  from 


1  i  — 

j  sin  IT] 

1  +  sin2 

1  X  1 

I  n 

l  +  jswf 

The  results  are  o.ooi  o.oi  o.os 

Tj  0.3827  0.6846  1.223  (  32) 

N=NiXMi  9X9=81  5x5=25  3X3=9 

For  k  =0.01,  h  and  I  can  be  increased,  as  in  case  I,  by  a  factor  of  about 
3  over  the  mesh  size  used  with  the  scheme  of  second -order  accuracy. 

The  general  case  of  equation  (2)  is  investigated  as  in  the  preceding 
section  for  second  order  schemes  in  h  and  /  (see  (28)  and  what  follows). 

Note  1.  To  determine  the  limit  values  of  h  and  I,  we  introduced  the 
expressions  (29)  and  (31)  by  analogy  with  second  order  schemes.  It  can 
be  shown  that  the  justification  of  equations  (24)  and  (26)  given  in  §4  can  be 
extended  to  this  scheme  also. 

Note  2.  As  in  the  preceding  section,  A  and  B  are  assumed  to  have  like 
signs.  Otherwise  the  results  would  essentially  depend  on  A,  B,  wi,  (02. 


§  6.  DETERMINATION  OF  THE  TIME  INTERVAL 

In  choosing  the  time  interval  t  we  shall  assume  h  and  /  to  have  been 
chosen  in  accordance  with  the  procedure  outlined  in  §  4,  5.  According  to 
(13)  and  (21)  we  have 

s  =  — — • ,  («!  -h  02  =  1 »  Oi  >  0,  ag  >  0), 

1  +  tajXo 

wherein  =Mo)i  0)2;  h,  0)(in  the  two  previous  sections  this  parameter  was 
simply  designated  X). 

Hence 

=  +  Xg+4-T=i(«?  +  a|)X»+  ... 

The  contribution  of  t  to  the  relative  error 
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is  estimated  by  the  expression 

8i  =  _L  (a,  _  a^)  tX  +  (a3  +  ap  x^X^. 

In  choosing  t,  we  require  that  The  characteristic  time  Tchar 

defined  as  =— ,  so  that  t|X|=— — ,  where  n  is  the  number  of  time 

char  ixi  '  '  n 

intervals  in  the  characteristic  time  period;  n  should  therefore  be 
determined  from  the  condition 

aJ-^  +  ^(a3  +  a3)-^~*.  (33) 


Let  us  first  consider  the  case  of  the  implicit  symmetric  scheme 
=  aa  =  y)*  follows  that  n - ^7=“-  For  the  relevant 


values  of  ^we  have 


0.001 

10 


0.01 

3 


0.05 

l-f2 


(34) 


For  "explicit”  schemes  (ai=0,  02=!),  retaining  only  the  leading  term  on 
the  left-hand  side  of  (33),  we  obtain 


2k 


Hence 


O.OOI 

600 


0.01 

50 


0.05 

10 


(35) 


§  7.  ON  THE  CHOICE  OF  THE  ACCURACY  STANDARD  FOR 
THE  PROBLEM  OF  STABILITY  OF  POISEUILLE  FLOW 

In  order  to  have  an  idea  of  the  amount  of  computational  work  involved 
in  the  solution  of  problems  of  stability  of  viscous  incompressible  flow  by 
the  difference  method,  let  us  consider  the  problem  of  stability  of  Poiseuille 
flow.  Of  the  several  papers  on  approximate  solution  of  the  linearized 
problem,  the  work  of  Thomas  /7/  is  the  only  one  to  utilize  difference 
methods. 

We  give  here  some  of  Thomas's  results.  Linearization  of  equation  (1) 
enables  the  solution  to  be  represented  as 

ij)  =  q)  g—{{ax—ct)^  (36 

The  well-known  Orr-Sommerfeld  equation  is  solved  for  (p, 

+  cc‘9  +  1(1  -  +  2<P  =0l.  (37) 

dy*  dy*  I  \  dy^  /  ) 

where  R  =  ,  b  the  channel  half-width,  uo  the  midstream  velocity,  v  the 

kinematic  viscosity.  For  given  a  and  R,  c  can  be  regarded  as  an  eigenvalue. 
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If  Imc  is  negative,  the  solution  infinitely  increases  in  time,  which  indicates 
flow  instability.  The  eigenvalues  of  equation  (37)  were  found  by  Thomas 
by  introducing  a  difference  equation  with  fourth-order  approximation  error. 
The  number  of  mesh  intervals  was  quite  large  (50  —  100  in  the  main  work), 
because  the  solution  showed  very  sharp  variations.  We  give  the  values  of 
c  computed  by  Thomas  for  a  ==  1  and  various  Reynolds  numbers: 


1600 

2500 

6400 

1000 

35000 

0.3231  + 

0.301 1  + 

0.2569+ 

0.2375- 

0.1886  + 

+  r 0.0262 

+f0.0142 

+/0.0009 

0.0037 

+1*0.0009 

We  see  from  this  table  that  the  eigenvalues  had  to  be  determined  with  a 
relative  error  of  from  0.005  to  0.08  to  enable  the  sign  of  the  imaginary  part 
of  c  to  be  determined  with  any  degree  of  reliability.  Extending  this 
requirement  to  X,  we  obtain 

jA:^|_0.005. 

We  thus  obtain  an  accuracy  standard*  -  0.001.  A  second  order  difference 
scheme  in  h  and  /  thus  gives  a  grid  of  40X40  =  1600  points  for  the  main 
rectangle.  For  the  fourth-order  scheme,  a  grid  of  9  X  9  =  81  suffices.  Let 
us  now  consider  the  question  of  the  number  of  main  rectangles  in  the  domain 
Q,  in  which  the  difference  computations  are  made.  In  Thomas's  variables, 
fora  =  1,  this  domain  is  the  rectangle 


—  iT<  a:<  1C, 

0<y<  1. 


(39) 


For  X  —  ±  Jt  we  have  periodicity  conditions;  for  y  —  1  the  adherence 
conditions  9  =  <p'  =  0;  for  r/  =  0  symmetry  conditions:  (p'  =  <p'"  =  0.  Since 
in  the  -direction  we  have  two  half-waves,  the  main  rectangle  is  contained 
two  times  in  this  direction,  i.e.,  in  the  ^-direction  we  should  have  80 
intervals  for  second-order  scheme  and  18  intervals  for  fourth-order  scheme. 

More  complicated  is  the  problem  of  the  length  of  the  main  rectangle  in 
the  i^-direction,  i.e.,  the  value  of  (02.  To  determine  02,  let  us  consider  the 
graph  of  the  function  ^i(y)  =  which  is  less  smooth  than  tpa  =  Req)(t/), 

for  Reynolds  number  R  =  10  000  and  a=  1  (see  Figure). 

Clearly  02  is  of  the  same  order  of  magnitude  as  n,  where  Y  is  the 

length  of  the  entire  i/-range  ( 1  in  this  case),  and  d  is  the  "width"  of  the  peak 

(here  d  0.1).  We  can  conclude  from  the  graph 
that  ©2  is  not  less  than  lOjt.  In  the  y-direction, 
for  0  <|/<  1,  we  should  thus  repeat  the  main 
rectangle  at  least  10  times.  In  the  range  of 
space  variables  (39)  we  thus  obtain  a  grid  of 
400X80  =  32000  points  for  the  second-order 
scheme  and  20X100  =  2000  points  for  the 
fourth-order  scheme. 

It  is  noteworthy  that  with  regards  to  the 
1/ -length  of  the  grid  we  arrived  at  close 
agreement  with  the  number  of  intervals  in 
Thomas's  work  (for  the  fourth-order  scheme). 

The  estimates  in  this  section  are  all  quite 
provisional.  In  fact,  they  even  do  not  apply 
for  a  linear  equation  with  variable  coefficients.  Indeed,  the  Fourier 
transform  method  can  be  applied  only  locally,  in  regions  which,  although 
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large  in  comparison  with  the  main  rectangle,  are  small  in  comparison  with 
the  distance  over  which  the  coefficients  of  the  equations  vary  noticeably. 
Still  we  apply  the  estimates  obtained  by  the  Fourier  method  to  the  entire 
domain  However,  proceeding  from  the  experience  gained  in  work  with 
difference  schemes,  we  submit  that  the  above  estimates  are  necessary  in 
the  sense  that  in  the  case  of  variable  coefficients  A  and  B  and  particularly 
for  the  nonlinear  equation  it  is  impossible  to  achieve  the  accuracy  required 
in  the  problem  of  stability  of  Poiseuille  flow  with  sparser  grids. 
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IV.  SEEPAGE  PROBLEMS 


B.M.Budak  and  F.  P.  VasiVev 

CONVERGENCE  AND  ERROR  ESTIMATES  IN  THE  RAY 
METHOD  FOR  THE  SOLUTION  OF  SOME  SEEPAGE 
PROBLEMS 


In  this  paper  we  consider  the  problem  of  convergence  and  error 
estimation  in  the  ray  method  for  the  solution  of  the  nonstationary  and  the 
stationary  seepage  problems.  These  problems  arise,  e.g.,  when  consider¬ 
ing  the  influx  of  oil  to  an  imperfect  borehole  in  the  radial-symmetric  case. 

In  /!/  the  ray  method  was  applied  without  theoretical  substantiation  to 
the  solution  of  the  stationary  problem,  which  amounts  to  a  mixed  boundary- 
value  problem  for  an  elliptic  equation  with  variable  coefficients  in  the 
"rectangle"  D  {0  <  r,  <  r  <  rz,  0  < z <//} ,  where  r  and  z  are  cylindrical 
coordinates;  it  is  assumed  that  on  some  parts  of  the  boundary  the  values 
of  the  required  function  are  given,  while  on  other  parts  the  values  of  its 
normal  derivative. 

In  the  present  paper  we  apply  the  ray  method  to  a  nonstationary  or 
stationary  problem  which  is  reduced  to  an  analogous  mixed  boundary -value 
problem  for  a  two-dimensional*  parabolic  equation.  The  ray  method  in 
this  case  suggests  itself  as  a  natural  combination  of  the  plane  method 
applied  in  /2,  3,  4/  to  the  two-dimensional  parabolic  equation,  and  the  ray 
method  applied  in  /I,  5,  6/  to  the  two-dimensional  elliptic  equation. 

The  ray  method  in  both  the  stationary  and  the  nonstationary  cases  enables 
the  problem  to  be  solved  not  only  in  a  bounded  domain  £){0  <C 
0  but  also  in  the  unbounded  domain  D  {  0  <  n  <  r  <  +  0  <  z  <  //}. 

However,  we  shall  dwell  in  detail  on  the  bounded  case  only,  noting  that 
in  the  unbounded  case  the  solution  of  the  system  of  ordinary  differential 
equations  of  the  ray  method  is  by  no  means  simple  and  convenient  for 
computations. 

The  nonstationary  boundary-value  problem  is  stated  as  follows:  in  the 
paralelepiped  Q  =  £)  X  [  0,  T]  we  seek  a  function  w  (r,  z.  t)  satisfying  the 


equation 


Lu  = - 

+  -^ 

.-^  =  /(r,2.0  inside  Q, 

(1.0) 

dr"^ 

r  dr 

dt 

the  boundary  conditions 

U\r^r,  = 

=  <Pi  (z,  t) 

for//o<2<//, 

(1.1) 

where  0  <  //o  <  //; 

«|r-r.  =  92(2.  i) 

for  0  <  2  <  //, 

0<t<T. 

(1.2) 

*  That  is,  with  two  independent  space  coordinates  r  ,  z  and  the  time  t. 
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for  r.<r<r„0</<T, 
=<ji„(2,<)  forO<z<ffo>  0<(<7’. 

dr  !r-r, 


(1.3) 

(1.4) 


and  the  initial  condition 

wk»o  =  (Po(''.  2)  in  D,  (1.5) 

always  assuming  that  the  natural  matching  conditions  are  satisfied: 

9i  (2.  0)  =  %  (''i-  2),  (Pa  (2»  0)  =  <Po  (''2»  2).  0  <  z  <  //.  ( 1 

The  following  scheme  of  the  ray  method  is  proposed  for  solving  this 
problem.  We  construct  the  planes  z=ih,  i=0,  1,  M+  1,  where  ])h  =  H 
and  t  =  kx,k=^0,  1,  N,  where  Nr  =  T,  The  intersection  lines  of  these  planes 
will  be  called  nodal  lines.  The  segments  of  the  nodal  lines  in  the 
parallelepiped  Q  form  a  "grid”  consisting  of  points  with  the  coordinates 
(r,m,^T)-(r,  z/,  4,  )>  where  ri<r<r2,  0<t<M+l,  0<k<N.  Equation  (1.0) 
is  then  approximated  on  the  nodal  lines  by  the  following  system  of  ordinary 
differential  equations 

+-f  W  (2.0) 

for  n  <  r  <  r2,  I  <  t  <  M,  1  <  A  <  A^, 


where 


The  boundary  conditions  (1.1)— (1.4)  and  the  initial  condition  (1.5)  are 
respectively  replaced  by  the  following  conditions: 


“/» ('•i)  =  "Pi  (z/.  4).  H  +  •  < « <  0  <  *  <  JV,  Mo  =  [ ^  ] ; 

(2.1) 

%  (''a)  =  <P2(2f,4)» 

1  <  i  <  M ,  0  <  ^  <  iV; 

(2.2) 

(2.3) 

h 

for  ri  <  r  <  Ta,  1  <  ^  <  A^; 

U..+1»W -«.*(>•)  -,|,,(r,g, 

h 

dr 

1  < i  < Mo,  \<K<Ny 

(2.4) 

“io  (^)  ==  SPo  (^s  2f),  0  <  t  '<  M  +  1 ,  Ti  •<  r 

(2.5) 
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The  stationary  seepage  problem  is  reduced  to  the  following  boundary- 
value  problem:  in  the  rectangle  D{0-<ri'^r'^r2i0'^z  -C//}  we  seek  a  function 
a=u(r,  z),  satisfying  the  equation 


+ -L ^  ^  / (r,  z)  inside  D 

ar^  r  or  oz* 

(3.0) 

and  boundary  conditions 

« Ir-r.  =  <Pi  (z).  ^0  <  z  <  //where 0  <  //©  <  //; 

(3.1) 

«lr-r.  =  92(2)»  0<Z<//; 

(3.2) 

ill  =ii.,(/-).  —I  =<|’i(r). 

dz  lz-0  \z-ll 

(3.3) 

ill  0<z<//„. 

or  Ir-r, 

(3.4) 

The  scheme  of  the  ray  method  proposed  in  /!/  takes  the  following  form  for 
problem  (3.0)— (3.4): 


(,))  ^  +  -L  +  5^  a,  (r)  =  /,  (r).  1  <  f  <  M. 

(M+l)h  =  H; 

u,(r,)  =  <Pi(2().  Mo  +  1  <  >  <M  +  1,  M„  =  j  : 


“( W  =  fa  (^i)-  0<  ( <  M  +  1; 

iio(f)-u,(r)  _.|,^(r)  =  ri<r<r,: 

h  ^ 


=  0<i<Mo. 

dr 


(4.0) 

(4.1) 

(4.2) 

(4.3) 

(4.4) 


In  §  1  of  the  present  paper  we  prove  the  convergence  of  the  solution  of 
the  difference-differential  boundary -value  problem  (2.0)— (2.5)  (for  h  and  t 
approaching  zero)  to  the  solution  of  the  nonstationary  differential  boundary- 
value  problem  (1.0)— (1.5),  which  in  fact  proves  the  existence  of  a  solution 
of  the  latter;  we  then  investigate  differential  properties  of  this  solution  and 
prove  its  uniqueness. 

In  §  2  we  give  a  priori  and  a  posteriori  estimates  of  the  error 
of  the  ray  method  for  the  nonstationary  problem. 

Ih  §  3  we  briefly  consider  the  aspects  of  §  1  and  §  2  in  application  to 
stationary  problems. 


§  1.  CONVERGENCE  OF  THE  RAY  METHOD  AND  EXISTENCE 
AND  UNIQUENESS  OF  SOLUTION  OF  THE  NONSTATIONARY 
SEEPAGE  PROBLEM  (1.0)-(1.5) 

1°.  We  denote  by  1)  A,  2)  A  and  3)  Tz  those  parts  of  the  boundary  of  the 
domain  Q  where  the  functions  1)  (po,  2)  (pi  and  and  3)  ipo. 
respectively  given,  and  write  F  =  A  +  A  +  A.  We  shall  retain  these 
notations  for  the  previously  described  grid  and  for  the  corresponding  parts 
of  the  boundary.  By  points  of  Q  we  mean  the  points  of  Q  which  do  not  belong 
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to  r,  where  F  is  the  boundary  of  Q.  Then  problems  (1.0)— (1.5)  and  (2.0)  — 
(2.5)  can  respectively  be  written 

=  /  inside  Q.  “k  =  <Po.  =1^,  (1) 

inside  Q,  =  <Po.  ^  (2) 


Boundary  conditions  (1.1)  and  (1.4)  are  assumed,  such  that  there  exists 
a  function  T(r,  z,  /),  which  is  continuously  differentiable  in  a  closed  domain 
D,  has  continuous  fifth  derivatives  inside  D,  and  satisfies  the  conditions 
(1.1)— (1.4)  on  the  boundary  of  D  in  the  classical  sense.  Any  such  function 
will  be  called  five-fold  smooth  permissible  function  satisfying  the  boundary 
conditions. 

D  efinition  .  A  solution  of  problem  (1)  is  a  function  u  (r,  z,  t)  such  that: 

1)  u  is  continuously  differentiable  inside  Q  according  to  the  require¬ 
ments  of  equation  (1.0),  a?td  satisfies  this  equation; 

2)  u  satisfies  the  boundary  conditions  of  problem  (1.1)  -(1.4)  and  the 
initial  condition  (1.5)  in  the  classical  sense; 

3)  u  is  bounded  in  Q  and  has  square -summable  first  derivatives  inQ, 
i.  6 * 

r^'>(Q)/7/,  (3) 

4)  if  /“a  is  the  lateral  surface  of  the  parallelepiped 

—  \  0<z<T},  (4) 


contained  in  Q,  and  T(r,  z,  t)  is  any  once  continuously  differentiable 
permissible  function  satisfying  the  boundary  conditions,  then  for  any  other 
such  function  0(r,  z,  i)  satisfying  the  corresponding  homogeneous  boundary 
conditions  we  have  the  limiting  relation 


limfr/-4>-|^dr,  =  0.  (5) 

s->o  J  J  dn 


where  T,  and  n  is  the  inward  normal  of  F^ . 

Observe  that  if  u  should  be  a  continuously  differentiable  function  in  a 
closed  domain  Q,  requirements  3  and  4  would  follow  from  the  other 
propositions. 

In  this  section  we  first  consider  the  solution  of  the  difference -differential 
bound  ary -value  problem  (2),  and  then,  using  the  estimates  of  the  solution 
{%(r)}of  this  problem,  and  S.N.  Bernstein's  estimates  (on  the  corresponding 
parts  of  the  boundary  of  (?)  for  the  derivatives  {aJJ,  and  for  the 

corresponding  difference  quotients  ft 

prove  the  following  theorem. 

Theorem  1 .  If  the  boundary  conditions  of  problem  (1)  are  such  that 
there  exists  at  least  one  five -fold  smooth  permissible  function  ^  (r,  z,  t) 
satisfying  these  boundary  conditions,  if  the  functions 


^yp  ^0 

dr*^  '  dr^dz^  dz*  ’ 


(6) 


and  also 


f  d^f 

*  dr^  ’  dz®  ’ 


dtdz^  ' 


d®/  d®/ 

dtdr*  ’  dzdr® 


(7) 
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are  bounded,  and  if  the  difference  qpo  (r,  z)  —  V  (r,  z,  0)in  arbitrarily  narrow, 
but  fixed  strips  o  <z<yand  H-y<z<H  is  independent  of  z  and  satisfies  the 
matching  conditions 

<Po  (r,.  z)  —  ^  ('■i.  z.  0)  =  0,  <p„  (H,  z)  —  't!  (rj.  r,  0)  =  0,  | 

dr 

then  the  nonstationary  boundary-value  problem  (1)  is  uniquely  solvable*. 

2®.  We  now  proceed  with  an  investigation  of  the  solution  of  the 
difference -differential  problem  (2). 

Lemma  1  (maximum  principle).  Let  a  system  of  functims  ««  (r) 
which  are  continuous  on  the  closed  segment  0  <r,<r<ri  am  twice 
differentiable  (with  respect  to  r)  at  its  inner  points  satisfy  everywhere 
inside  Q  the  inequalities  |L,,(««)<0]  .  Then  max««('-)  (r)] 

is  attained  on  r.  If  now  U,{u„)>0  [4,  (««)<01  everywhere  inside  Q, 
maxu,»  (/■)(min  u,i(r)]  is  attained  only  on  r . 

Q  Q 

The  proof  of  this  lemma  is  simple,  by  assuming  the  opposite. 

Lemma  2 .  Let  a  set  of  functions  (r)  differentiable  with  respect 
to  r  on  the  closed  interval  0<r,<r<r2  and  twice  differentiable  with  respect 
to  T  at  inner  points  of  this  interval  satisfy  everywhere  inside  Q  the 
condition  Ux  («<*)  <0-  (“i*)  >  01;  on  the  boundary  r  the  boundary  conditions 

(2.1)  -  (2.5)  are  satisfied,  and  tjjo  <  <  0,  >0  [^o  >  Ot  >  0.  ^1^2  <  01- 

Then 


I 


max  (pi- 

Fo+r, 


P  roof.  Observe  that  the  case  reduces  to  by 

substituting-Uf*  for  We  can  therefore  limit  the  discussion  to  the  case 

only.  Then,  from  Lemma  1,  u,,{r)  cannot  have  a  minimum  inside 
the  domain  Q.  If  the  minimum  is  reached  on  To  +  f’ i.  the  lemma  is  proved. 

It  remains  to  show  the  impossibility  of  a  minimum  being  attained  on  A.  Let 
the  minimum  occur  on  the  face  r  =  ri  at  the  point  (r^,  By 

assumption,  =  ^O<0.  We  define  in  Q  a  subdomain 

Q-{r.<r<r,  +  6  /  =  .V  io+1.  *  =  *»,  where  6  >  0  is  so  small  that 

62  +  6  <  /i2.  We  define  in  Qi  an  auxiliary  function 


Vikir)  = 


'"l)*  +  (^ ^ l)’  i  —  to»  ^  —  ^0>  ^0  b 

0,  if  i  =  to  ±  1 ,  *  *0- 


By  virtue  of  the  choice  of  S.  we  have  L/,,  (%)>0.  Moreover,  since 
(ri,  z/o,  ^o)  is  a  minimum  point,  Uj* (r)  > «Uo ('"i)  points  of  Q[,  except  the 

points  F  =  Tj,  where  for  i  =  to»  k  =  we  have  the  equality 
Consequently,  there  exists  an  e>0  such  that 
i  =  *0.  *0  —  b  iben  the  function 

(/')  =  "i*  ('■)  ”  "‘o*-  "■ 

•  The  existence  and  the  uniqueness  of  the  solution  of  problem  (1)  can  also  be  proved  with  weaker 
requirements  on  /,  <p,  %  either  by  the  barrier  method,  or  by  passing  to  closures  in  appropriate 
functional  classes,  but  here,  for  the  sake  of  simplicity,  we  shall  be  content  with  Theorem  1. 
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is  nonnegative  on  the  boundary  of  e;.  Now  as  L*,  we  have  by  Lemma  1 

w„(r)>0  everywhere  inside  Q;,  and  consequently  u,^(r)  -  U4*.(rj)  >  ej-^(r)forr,  < 
<r<ri+S.  We  divide  the  two  sides  of  this  inequality  by  r  —  ri  where  0<  r  —  r,  <S, 
and  pass  to  the  limit  as  +  We  then  obtain >•  e^O,  which  contra¬ 
dicts  the  assumption  '»|7o<0.  Hence,  Wf*(r)  cannot  have  a  minimum  at  any  point 
(^1. 2^0. 

If  the  minimum  were  attained  at  a  point  (ro,  0,  4.)  (■  A,  where  by  assumption 

we  would  have8,Mo;fe„(ro)>0,andhence  =  i-e.,  (4,  2^  tQ 

would  also  be  a  minimum  point,  and  should  lie  on  the  boundary,  i.e.,  we 
should  have  or  4=^4.  If  now  (4,  z^,  the  proof  is  complete;  if 

however,  (4,  Zi,  4o)  ^  /'a,  then,  according  to  the  preceding,  we  reach  a 
contradiction.  Applying  the  condition  >  0,  we  analogously  discount  the 
possibilities  of  a  minimum  at  points  (4,  H,  4J.  This  completes  the  proof. 


Q5^{ri  +  8<r<ra,  0<^ 


Lemma  3 

0<i<r},  where  8  and  y  are  sufficiently  small  positive  numbers,  and 
K  a  constant  independent  of  h,  t  .  Let  further  Lh^ivik), 
v\^{r)he  also  uniformly  hounded  in  Then,  the  derivative  ir-r,  =  (r^ 

is  uniformly  hounded  in  h,x  for  o<y  — r,  0^tf,<T. 


Lemma  4.  |t.,4(r)|<A:t«Q;,|ri  +  i<r<r,-i  .  o<^,<W-r. 


K  ^  A, 

0<4<r},  where  8,  y  are  sufficiently  small  positive  numbers,  and  the 
constant  K  is  independent  of  h  and  t.  Let  further  Lh^  {v^^),  v 

he  also  uniformly  hounded  in  h,  t  in  o:  ' 

Then  1 8^1;^^^ | < for  ri  +  8<r<rj  —  8,  0<4<7,  where  /Ci  is  independent 
of  h,  X. 


Lemmas  3  and  4  are  difference -differential  analogs  of  the  lemma  in  /4/ 
and  are  proved  analogously  to  that  lemma. 

Lemma  5.  Let 

Mo  =  snp\f\,  /rao  =  supI<p|,  mi^supUi. 

Q  Ttt+r,  r,  * 

Then  the  following  estimate  holds  for  the  solution  of  the  difference- 
differential  boundary -value  problem  (2): 

l“«(/-)|  <  -y  [(/•,- r,)‘-  (r-  + 

“t)'  +  -  '■)  +'^- 

Proof.  The  function 

(.r)  =  Y  ((r. - r.)> -(r-  r,)«I  (e  +  /M„  +  + 

+ (2  —  y  )*  +  «!  (r,  - /■)  +  m,  ±  (r), 


(10) 


(10,) 
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where  «>0,  satisfies  the  following  conditions  for  0<h<— : 

L^Vh<-‘<0,  VMu+r.>0,  8.VS|.-h>0. 

Therefore,  by  Lemma  2,  V^(r)>0  everywhere  in  Q ,  i.e., 

I“«('-)I  <  Y^<.rt-ny  -  ('•-'■i)’]  ("  +  "o  +  + 

^ _ ah — .  — — y + /Wi  (^2 — 0  +  '^0- 

Since  the  last  inequality  holds  for  any  e>0,  and  its  left-hand  side  is 
independent  of  s,  we  can  pass  to  the  limit  as  e  ->-0  and  obtain  (10). 

Lemma  6.  Problem  (2)  cannot  have  two  different  solutions. 

Proof.  Let  and  u,*  be  two  different  solutions  of  problem  (2).  Then 
u,,  -  u„  is  a  solution  of  problem  ( 2)  for  f  ^  0.  q>  ^  0  ,  and  1-  ^  0,  and, 
applying  estimate  (10),  we  see  that  U/*  =  0, 

We  shall  now  prove  the  existence  of  a  solution  of  the  difference 
differential  boundary- value  problem  (2)  and  derive  for  it  an  expression  in 
terms  of  the  Bessel  functions  /o(l)  and  /Co(i).  To  this  end,  we  write  the 
system  of  differential  equations  (2.0)  in  the  following  vector-matrix  form: 

(11) 


-►*  !■>/  1"^  ^  I"* 

(/fe -f  — - fk - - 

»■  ft*  T  T- 


where 


“»('■) = 


Uiki.') 

««('•) 


u«-lt('') 
UMk  (r) 


/.('•)  = 


/«(<•) 


Im*  (f)  — 


fM-ik(r) 
Mr.  h) 
h 


1 

1 

o 

o 

...  0 

1  - 

-2 

1  0  . 

...  0 

0 

1 

-2  1  . 

...  0 

0  . 

.  1 

—  2  1 

0  . 

. 

.  0 

1  -1 

The  boundary  conditions  (2.3)  have  not  been  taken  into  consideration.  If 
the  solution  of  problem  (2)  at  the  (ft-l)-th  time  section  is  known  then  to 
find  it  on  the  k-th  section  it  suffices  to  solve  equation  (11)  with  boundary 
conditions  (2.1),  (2.2),  and  (2.4).  By  using  an  orthogonal  matrix  |16,,||, 

(_1)'+>|/Zsin(i  - l<i<yM,  s^tAf. 

^IS  “  _ 

(—  ly+^l/CL,  s  =  M, 

f  M 
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the  matrix  A  is  diagonalized  to  A  =  B"AB,  with  diagonal  elements  — where 
X^=  /I, 5.6/. 

2M 

After  this  transformation,  equation  (11)  is  rewritten 

BB'  BAbZ^  -  J-  BB%  =  /*  -  —  Z,-, . 

r  X  X 

Pre- multiplying  this  vector  equation  by  B'=B-^  and  setting  Vjf—B'Uk,  we 
obtain  the  following  equation  for  the  vector  V*: 

r  n‘  x- 

=  B7j-— Vj_i=C4.  (Ill) 

X 

which  is  equivalent  to  the  following  uncoupled  system  of  ordinary  differential 
equations: 

The  general  solution  of  this  equation  has  the  form 

(r)  =  (r)  +  (r)  +  (r). 


where  is  a  particular  solution  of  the  inhomogeneous  equation  (113), 

w^^(r)  and  are  the  fundamental  system  of  solutions  of  the  corresponding 

homogeneous  equation  (11 3),  and  A^k  ^sk  arbitrary  constants.  As  a 
fundamental  system,  ^^e  can  choose  the  Bessel  functions  /o(i)  and  /Co(l), 
setting  w^i{r)=  /o(v).  (^  =  Ifo ( v).  where 


The  general  solution  of  equation  (11)  then  takes  the  form  Ut  =  BVii,  where 

««(<')  =  2  (-  >)“'+’  X 

S-1 

^  !(»(“/)  +  + 

/ _ 

+  „  [AMkIo  («/w'')  4-  BmhKq  {(iMr)  +  ZMk  (r)]-  ( 1 2) 

y  M 

To  find  Asi^,  B^k*  we  solve  the  system  of  2M  linear  algebraic  equations  in 
2M  unknowns,  obtained  from  conditions  (2.1),  (2.2),  and  (2.4).  The 
determinant  of  this  system  does  not  vanish  (this  follows  from  the  unique 
solvability  of  problem  (2)).  We  have  thus  proved  the  existence  of  a 
solution  of  problem  (2)  and  expressed  it  in  terms  of  known  functions  /(j(g) 
and  /Co(^).  Hence  it  follows  that  if  f.  (f>,^  ^  C(”>,  the  solution  of  problem  (2) 
M/a  (r)  belongs  to  (  C('‘+2). 

3®.  To  prove  the  existence  of  a  solution  of  the  boundary-value  problem 
(1)  by  the  ray  method,  it  suffices  to  prove  the  compactness  of  the  family 
of  functions  {u^f^  (r))  and  of  the  family  of  derivatives  and  difference  quotients 
with  respect  to  r  and  z  up  to  the  third  order  inclusive  and  with  respect  to 
up  to  the  second  order  inclusive  in  the  corresponding  subdomains  of  the 
parallelepiped  Q,  inwards,  or  adjoining  appropriate  parts  of  the  boundary. 
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This  can  be  achieved  by  applying  difference  analogs  of  S.  N.  Bernstein's 

estimates  /8,  4,  9/.  • 

Seeing  that  a  five-fold  smooth  permissible  function  Y(r,  z,  t)  satisfying 
the  boundary  conditions  of  the  problem  exists,  and  passing  now  to  a  new 
unknown  function  =  where  u  is  the  required  solution  of  problem  (1), 

we  obtain  for  v  a  bound  ary -value  problem  (1)  with  homogeneous  boundary 
conditions;  v  also  satisfies  the  initial  condition  ul^-o-(Po—^U»o,  which 
will  be  called  the  modified  initial  condition;  for  Vf*  we  correspondingly 
obtain  a  difference-differential  boundary-value  problem  (2),  also  with 
homogeneous  boundary  conditions  and  =q)o(^^  ^i)  (0*  This 

substitution  of  variables  simplifies  further  manipulations;  we  shall  assume 
it  to  have  been  carried  out. 

To  derive  the  difference  analogs  of  Bernstein's  estimates,  it  is  conveni¬ 
ent  to  apply  the  identities 


K  {Uik  Vik)  =  (S,  ^ik)  (S.  V,,),  ( 1 3) 

St  iOikV,,)-  (14) 

Lh,  (t/„  V„)  =  {V^)  +  V„Lh,  (Urt)  +  + 

+ (5z  •  (8.  V„)  +  (8v  V,»)  +  X  (h  [/„)  •  (15) 

From  estimate  (10)  we  have 

(10*) 


where  /C  is  a  constant  independent  of  h,  x.  If  the  estimate  (10*)  applies  to 
some  function  Uik  (r),  we  shall  express  this  fact  by  the  equality  C/i*  (r)=0(l). 
We  thus  have  v^k  (/’)==0(1).  We  now  proceed  with  difference  analogs  of 
Bernstein's  estimates.  First  consider  the  estimates  in  the  parallelepiped 

Qi8{ri  +  8<r<r,  — S,  0<2^<//,  0<^A<r}, 

where  8  is  a  positive  number  satisfying  the  inequality  0<S<  . 

To  estimate  v.^{r)  in  Qis  we  take  the  function 

2ik  {r)  =  ('')  +  in  Qm,  where  0  <  a  <  8. 

Cl  and  Cj  are  some  positive  constants,  and  R(r)  —  {r  a)(/'2  ®  ^)*  K  is 

easily  seen  that  for  sufficiently  large  and  Cj,  everywhere  inside 

Q,a.  Hence,  by  Lemma  1.  the  maximum  of  2,*(r)  in  Q^a  is  reached  only  on 
the  boundary  of  Qia-  Since  5^20;^  =  ~  ^ ,  then,  by  Lemma  2,  the  maximum 

of  Zik{r)  can  be  attained  only  for  k  =  0,  either  for  /■  =  r,  +  a  or  r  =  But 

from  condition  (6),  and  also  by  virtue  of  the  conditions  Vi^ir)  =  0(1),  Rir^  +  «)  == 
=  /?(r2—  a)  =  0  we  have  2/*(r)=  0  on  these  parts  of  the  boundary  of  Q,„.  Hence, 
Zif^{r)—  0  (1)  everywhere  in  Qia.  Therefore, 


in  any  subdomain  Qis ,  0  <  a  •<  8. 

Analogous  estimates  are  obtained  for  in  Qis.  To  prove  that  KVikin 

is  bounded  in  Qi« ,  consider  the  function  Zi^ir)  =  +  '  li  1® 

easily  seen  that  La.(z,a)>0  in  Qia(0<  «<  5) for  sufficient  large  (positive)  Cj  and 
Cg  .  By  Lemma  1,  2,fchas  a  maximum  on  the  boundary  of  0i«.  On  the  other 


153 


hand  from  the  equalities  =  0  and  from  the  conditions  of  Theorem  1 

we  have  Z/* (r)  =  0 (1)  inQia .  Hence 


|S,o,j|< -^^  =  0(1)  in  Q,j  for  0<a<S. 

R\f) 

A  similar  estimate  is  obtained  for  inQjs.  To  estimate  we 
consider  the  function 

ZfA  (0  =  {hvikf  (r,  2.  t)  +  Cl  liKviuY  + 

+  (^z 

where 

)((,,e,0  .(/■- r.-- 1.)  (r.  -  i -f)  X 

x(— a(»-i-)('-T)' 

and,  as  before,  find  that 

h^vik  =  0  (l)inQpY8{ri  +  S<r</-2  —  8,  —  T» 

P<^<7’}. 

where  y.  *  s-re  arbitrarily  small  positive  numbers. 

The  uniform  boundedness  of  in  the  entire  domain  is  proved  as 

follows.  The  function  satisfies  the  equality  U, (S^- y^*)  2<k^N. 

In  order  that  this  equality  be  meaningful  for  ^  =  1,  we  extend  the  definition  of 
Vik  for  A;  =  —  1 ,  stipulating 


.Py,(r,^0  _L.  (  )_ 

Or*  r  dr  .zfo'’  l> 

:9o('-.2/)-f, ,_,(<■)  ,  ,,,  (161 

”  /  w  V  h 

where  1  <  i  < /M;  0o,-i  (r)  =  f  .-i  {r),  om+i.-i  (r)  =  (r)-  From  ( 1 6)  and  (6),  we 

have  ,  ,  , 

^ - =  0(1). 

Further,  satisfies  the  boundary  conditions 


S7‘-«lr.  =  0. 


(V«)  =0- 


Hence  the  estimate  (10)  holds  for5j^o„,  wherem|,=m,=0,  and  is 

replaced  with  Mi  =  maxl-^l  +  1,  taking  t  sufficiently  small. 

Q  I  d/  I 

If  Vih  is  replaced  everywhere  by  B^y^*  and  the  conditions  of  Theorem  1 
are  taken  into  consideration,  it  can  easily  be  shown  that  B-y'j^,  S^-y^j^, 

bounded  in  Q15.  From  equation  (2.0)  and  from  previous  estimates 
follows  the  boundedness  of  B^-y^^^,  B^y^^  in  Qi®.  To  estimate  B^y^*  we 

apply  Lemma  4,  substituting  B/^y^^for  y^^^.  It  is  easily  verified  that  all  the 
requirements  of  the  lemma  are  satisfied  under  this  substitution,  and  thus 

V.7^xa(^)  =  0(1),  B^--,y^,(r)=0(l) 

for  ri  +  S<:r<r8  — B, 

But  then,  using  the  function 

2ik  (0  ==  (^zf  R’  ('')  + 
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and  Bernstein's  estimate,  we  find  that  =  0  (1)  inQis.  From  equation 

(2.0)  then  follows  that  in  Qi«. 

We  have  thus  obtained  the  necessary  estimates  in  all  subdoniains  of  type 

The  estimates  of  all  these  quantities  are  analogously  obtained  in 
subdomains  of  the  form  Q28,  |ri  <  r  <  +  S.  0<y<z<H,-y,  adjoining 

fa  for  r  =  To  estimate  (r),  we  take  the  function  Ztk  in  -  W  ^  F*  + 

+  +  ^Ik  +  » where  R  (r,  z)  =  (r  —  2i  —  S)  (z  —  y)  (^0  —  V  —  2),  and  form 

Bernstein's  estimate.  We  similarly  estimate  in  Qasr 
we  take  the  function 


To  estimate 


Zik  (0  ==  (5z  ^  (z)  +  +  ^2  ('■  “ 

i?(z)  =  (z-T)  (^o-T-z). 


The  estimate  of  %^v^k  is  similarly  obtained,  and  the  boundedness  of  in 
^28  follows  from  (2.0).  Estimates  are  thus  obtained  for  derivatives  and 
difference  quotients  of  second  order  for  the  case  of  compact  in  Q28T . 

In  domains  of  type  QatTi/'a-S  < <''2.  0<Y<z</f-Y.0<4<J}  it /s 

sufficient  to  estimate  and  v;^ ,  since  has  been  estimated  in  all  of  Q. 

To  prove  the  boundedness  of  S^u^^^we  consider  the  function 
2^^  (r)  =  (5^  VikY  ('■»  z)  +  (yf+ift  + 

where  R(r,  z)  =  (r,  -  S  -  r)  (z  -  y)  -  Y  -  z).  The  family  {y;,|  should  first  be 
estimated  on  the  boundary  r  =  reusing  Lemma  3,  and  then  estimated  inside 

Qas^  according  to  Bernstein. 

and  are  analogously  estimated  in  regions  of  type 

+  H„  +  -f  <z<H  —  -r,  0<t<T). 

4*.  We  can  now  prove  existence  and  uniqueness  of  the  solution  of 
problem  (1).  From  the  estimates  in  3“  we  see  that  t),t(r)  are  compact,  in 
the  sense  of  uniform  convergence,  in  any  subdomain  of  the  form  Q,  = 

=  D,  X  [0,  T]  ,  where  D,  is  a  closed  subdomain  obtained  from  the  rectangle 
D  by  removing  an  e -neighborhood  of  the  point  (r^.  H^,  0),_  and  also  of  the 
corner  points.  The  families  are  compact  in  Q.=D,x  10,  T] ,  where 

D,  is  obtained  from  D  by  removing  £-strips  adjoining  a  part  of  the 
boundary  T,.  The  families  Ifo,*  vj,,  are  compact  in  Q.  =D.  x  [f,  T],  where 
5.  is  any  truly  interior  subdomain  of  D,  and  p>  0  is  any  arbitrarily  small 
number.  Therefore,  from  the  family  t>,4(r)  depending  on  h  and  t  we  can  pick 
out  a  subsequence  such  that  for  +  it  and  its  derivatives  and 

difference  quotients,  entering  equation  (2.0)  converge  uniformly  in  their 
compactness  regions.  As  in  /lO/,  we  can  prove  that  the  limiting  function 
v(r  zt)  satisfies  equation(l.O)  inside  Q,  and  also  the  initial  and  the  homo¬ 
geneous  boundary  conditions  (1.1)-(1.4)  and  the  modified  initial  condition 
(1.5),  in  the  classical  sense.  Clearly,  the  function  h  =  u  +  'T  meets 
requirements  1  and  2  of  the  definition  of  the  solution  a  of  the  initial  problem 
(1)  with  inhomogeneous  boundary  conditions. 

We  shall  prove  that  the  limiting  function  v(r,z,t)  not  only  satisfies 
requirements  1  and  2,  but  also  requirements  3  and  4  of  the  definition  of 
the  solution  of  problem  (1).  We  first  consider  requirement  3.  Boundedness 

of  V  and  —  in  Q  follows  from  uniform  boundedness  (in  Q)  of  y^^and  dr  v^f,, 

respectively.  Therefore,  to  prove  the  inclusion  V  (  it  suffices  to 

establish  the  inequality 


155 


(17) 


£.(., .)  =  JV[(^)^  +  +  oo. 

0  0  r, 

Multiplying  (2.0)  by  /itrO,  where  (l)  =  0(r,  z,  t)  is  a  sufficiently  smooth 
function,  integrating  and  summing  over  the  Q  grid,  we  obtain 

A=l  (=1  ft 


Integrating  and  summing  by  parts  the  first  and  the  second  terms  of  this 
sum,  we  obtain 


M  r, 

hz  2SJ  r  [Vik  Oik  +  t'j*)  •  ^(jfe  +  t  Vij^  +  fik)  Oiji]dr  = 

A=l  r, 

=  11  i;  \r]  +  J  •  (1  8) 

*-l  i=l  ‘  rt 


If  we  set  Oik  =Vik — Wik,  where  w{r,  z,  t)  is  any  once  continuously 
differentiable  function  satisfying  the  homogeneous  boundary  conditions 
(1.1) — (1.4),  and  Wik  (r)  its  values  on  the  nodal  lines,  the  right-hand  side  of 
equation  (18)  vanishes  by  virtue  of  the  boundary  conditions  for  and 
and  (18)  can  be  written. 


S  E  j'- !("«)’' 

l*)  r] 

JV  Af  r, 

= S  S  J “"(/i)  - 

A- 1  t=l  ri 

—  (8/ »»  +  /»)  (»;#-“'(»))*• 

Applying  the  inequality  a*  <602+  — to  the  terms  on  the  right-hand  side, 

£ 

and  seeing  that  Vik,  w-k,  /,*,  are  bounded,  we  obtain,  after  transferring 

the  remaining  terms  to  the  left-hand  side,  that  for  a  sufficiently  small  £>0 

N  M  rt 

(f «.  o«)  =  A"  2  2  j ''  [(»«)"  ''(»)’“]  dr  <  C  <  +  oo,  (19) 

A=l  i^l/t 

where  the  constant  C  is  independent  of  h  and  t. 

If  summation  and  integration  in  the  left-hand  side  of  (19)  is  extended  not 
over  Q,  but  over  a  closed  parallelepiped  QJ{ri  + 8<r<r2“S,  8<z<//  — 
5<^<7),  lying  inside  Q,  the  inequality  is  a  fortiori  satisfied  with  the 
previous  constant  C  in  the  right-hand  side.  Passing  to  the  limit  for 

l^sl  +  hsl^8  seeing  that  —  and  are  continuous  in  Qs  and 


we  obtain 


(4’)' 


_  dv' 


UV  .  /-i 

——mV's, 

dz 


(19i) 
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Since  the  constant  on  the  right-hand  side  of  (19)  is  independent  of  6,  we 
pass  to  the  limit  6  ->  0  and  obtain 


dQ<G, 


which  concludes  the  proof  of  the  inclusion  v  (  Hence  it  follows 

that  the  function  u=t;  +  W  also  belongs  to  Wl  (Q). 

It  now  remains  to  prove  that  u  satisfies  requirement  4  in  the  definition 
of  the  solution  of  problem  (1).  It  is  clear  enough  to  show  that  for  the 
function  v 

=  0  (21) 


for  any  once  continuously  differentiable  permissible  function  O  satisfying 
the  homogeneous  conditions  (1.1)  — (1.4). 

From  Green’s  formula  and  equation  (1.0)  we  have 


where  7  =  f  — In  view  of  the  inclusion  v  ^  W[{Q)  and  the  limitations 
imposed  on  f  and  O,  the  integral 


dv  d<P  dv  d<t>  . 

dr  dr  dz  dz 


exists  and 


dt 

lim  <^)  =  D'^(v,  <t>). 


Therefore  relationship  (21)  for  any  continuously  differentiable  function 
(D  satisfying  the  homogeneous  conditions  (1.1) — (1.4)  is  equivalent  to 


or  alternatively 


O)  =  0. 

8->0 


Designating  the  left-hand  side  of  (18)  byDJ,(r,.j,  ©,*),  we  find  that,  by  the 
conditions  for  and  (D, 

Dl,  («,*,  =  At  5]  S  / f 

r,  *- 

4- /is)®;*  jd/-=0.  (25*) 

In  this  equality,  however,  we  cannot  directly  pass  to  the  limit  for 
|/j^j  I  0;  this  direct  transition  to  the  limit  is  admissible  for  the  last 
term  only;  it  gives 
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(26) 


lim  At  y  y  r  r  (5<  +  fik)  ^ik  dr  — 

1A.|+|t,K0  a  ri 

Q 

The  behavior  of  the  expression 

£2.  (»«.<!>«)  =  "^2  If  r  [oik  ]dr  (27) 

*=1  i‘^1  r\ 

at  the  limit  requires  further  study.  Let  G6  be  the  boundary  domain  left  after 
removing  the  parallelepiped  Qa  from  Q;  we  retain  the  same  notations  for 
the  corresponding  grid  domains.  Then  {v,  0)and  ^iA)3.re  repre¬ 

sentable  in  the  form 

£«  (0,  O)  =  {V,  <D)+£®®(t',  ^).  £hx  {Vik,  Oik)  =  {Vik.  Ofk)  -f 

+  (28) 
Applying  the  Cauchy- Bunyakovskii  [Cauchy-Schwarz]  inequality  to  the  sums 
and  integrals,  we  easily  obtain 

1  £25  (w«.  I  <  y  f 2?  (»„.  Ort)  •  V  £»?  (®«.  -fi*). 


Therefore,  from  (19), 

I  £-2“  (o«,  «>«)  I  <  ■  y  EfHA<s>tk.  ®«) . 

and  hence,  0)  being  bounded  in  Q,  we  obtain  for  sufficiently  small  6  >  0 

l£“?(0i».  *«)!<' 

uniformly  in  h  and  t.  Analogously  we  find  that  for  sufficiently  small  6>0 


I  £“'(»«.  <!',»)  I  <^- 


(30) 


Applying  (28)  and  (29)  and  (30),  we  obtain 

I  £?.  (o«.  -  £®  (0.  <I>)  I  <  28  +  I  eS,>  (t-rt,  <I>„)  -  £««  (p,0)  I 

for  sufficiently  small  6  >  0  uniformly  in  h  and  t.  But  for  any  fixed  6  >  0 


lim  £2f(u,*,  <!>,»)  =  £’*(t'.<I>)- 
ly+l’^l^o- 


Hence,  for  sufficiently  small  |Ay|  -f  !t^|  we  have 


That  is. 


{V,  0)1  <3e. 

(31) 

Hm  Oik)  =  E^  (o,  O). 

(32) 

Therefore,  passing  to  the  limit  in  (25*)  as  |A^|  4-  |tj|  -►  0,  we  obtain  (25), 
Hence,  relationship  (21)  for  the  function  t;  is  satisfied  for  any  once 
continuously  differentiable  permissible  function  (D  satisfying  the 
homogeneous  conditions  (1.1)— (1.4).  Hence  clearly  follows  requirement  4 
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for  the  solution  of  problem  (1)  concerning  the  function  This  com¬ 
pletes  the  proof  of  the  existence  of  the  solution.  ^ 

We  now  prove  the  uniqueness  of  this  solution.  Let  u  and  u  be  any  two 
solutions  of  this  problem.  Then  the  function  U—u~u  is  a  solution  of  the 
corresponding  homogeneous  problem  with  f  ^  0,  cp^O  and  ^  0.  The 
relation  (23)  therefore  takes  the  form 

Q 

for  any  continuously  differentiable  permissible  function  (D  satisfying  (1.1)  — 
(1.4).  Since  V  belongs  to  the  closure  of  the  set  of  all  these  functions  in  the 
metric  W\  (Q),  U  can  be  substituted  for  O  in  (33),  which  gives 

+  +  <34) 

Q 

Integrating  over  t  and  applying  the  initial  condition  lJ{r,  z,  0)  =  0,  we  obtain 


+  j^rU^r,z,T)dD  =  0. 


dQ  + 


Hence,  U(r,  z,  T)  =  ^ ,  with  the  possible  exception  of  corner  points  and 
the  point  (rj,  //o,  T),  Since  the  upper  limit  T  of  integration  over  t  can  be 
chosen  arbitrarily,  we  have  U  (r,  z,  t)^  0  everywhere  in  Q,  with  the 
possible  exception  of  the  vertical  sides  of  the  parallelepiped  Q  and  the 
vertical  segment  h,  //o,  0<t<T].  This  proves  the  uniqueness  of  the  solution 
of  the  bound  ary -value  problem  (1). 

From  the  proof  of  the  uniqueness  of  the  solution  of  (1)  it  follows  that  not 
only  the  subsequence  vtk  (r),  corresponding  to  the  sequence  of  spacings 
hs,  Xs*  approaching  zero , converges  to  the  solution  v,  but  that  y,*  (f)  converges 
to  the  solution  v  for  any  arbitrary  approach  of  h,  x  to  zero. 


§  2.  ESTIMATING  THE  ERROR  OF  THE  RAY  METHOD  FOR 
THE  NONSTATIONARY  PROBLEM  (1) 

1°.  A  priori  estimate.  Let  u('r,  z, be  the  solution  of  problem  (1) 


having  bounded  derivatives  ■—  and 


in  the  parallelepiped  Q.  Let 


=  sup 
Q 


d^u 

d7^ 


N.  ==  sup 

Q 


d^u 

dt^ 


(35) 


Let  Uik  (r)  be  the  solution  of  problem  (2).  We  estimate  the  error  of  the 
ray  method 


Vik{r)  =  u{r,  z,-,  4) ’“"/*('■)■ 

Applying  the  Taylor  expansion,  we  obtain 
u  (r.  z,,  4)  - - - - -f 


(36) 


(37) 
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where 


n  J  [  d*uir,z,iji)  ,  a«u(r,z,/*)l 
d?  dz*  y 

z,  T  lie  on  the  segment  [2^— A,  and 

R  /  du{r,Z{.t,i)  X 

^Tu(,r,z„it)  = - j, - ^Rt, 

where 


„  d^u{r,zi,t) 


tfi  —  t  i/^. 


Therefore 

U,  (t>«)  =  +  T 


On  the  boundary  f  the  function  satisfies  the  conaitions 


(38) 

(39) 


^ik  ih)  =  0,  Mq  +  1  <  t  <  Af,  0  <  ^  <  A^; 
^ik  (''a)  =  0.  I  <i<M,  0  <  ^  <  TV; 


Kvokir)^  Y 


d^ujr,  filh,  tk) 
dz^ 


Wm,  (r)  =  -  y - ^ - 

for  Ti  <  r  <  Ta,  1  <  ^  <  TV; 

jEi^  =  0, 

dr 

Vn(r)  =  0. 


(40) 

(41) 

(42) 

(43) 

(44) 


Applying  the  estimate  (10)  to  the  solution  of  boundary-value  problem 
(38)— (43),  and  using  (35),  (37),  (38),  we  see  that  everywhere  in  Q 


lv,Ar)\<-YKr2-r,r-(r 


(■ 

^2(//~/t)  r  2/ 


,  N^t 


•  + 


M^h 

H~~h 


(45) 


If  we  use  a  mesh  of  straight  lines  displaced  by  ■—  along  the  2 -axis  /ll/, 

then,  by  improving  the  approximation  of  the  boundary  conditions  on  the 
faces  2=0  and  2=//,  we  obtain  the  estimate 

+  (46) 

2°.  A  posteriori  estimates.  S.  A.  Gerschgorin's  estimates  (45), 
(46)  have  the  disadvantage  that  they  contain  maxima  of  the  absolute  values 
of  derivatives  of  the  unknown  solution.  Of  considerable  value  are  other 
estimates  which  are  expressed  in  terms  of  the  previously  found  solution 
and  known  quantities,  i.e.,  the  so-called  a  posteriori  estimates.  These 
estimates  were  derived  by  D.  F.  Davidenko  /1 3/  for  the  solution  of  the 
Dirichlet  problem  for  the  Laplace  and  Poisson  equations.  Analogous 
estimates  can  be  derived  for  the  nonstationary  problem  (1)  in  the  case  of 
a  perfect  borehole,  when  //o==0  and  =cp,- {2,  0.  0<2<//,  0<^<r,  t=1.2 
is  known  for  r=-r^.  We  shall  assume  that  the  solution  of  this  problem,  whose 
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existence  has  been  proved  in  §1,  is  such  that  the  initial  and  the  boundary- 
conditions  are  satisfied  also  at  the  corner  points  of  Q.  We  shall  further 
require  two  theorems,  proved  in  /14/  and  /15/,  which  we  restate  here  in 
application  to  problem  (1)  with  Ho=0. 

Theorem  of  L  ,  Nir  enb  erg .  Let  the  continuous  solution  u  of 
equation  (1.0)  reach  its  minimum  at  some  interior  point  P'  (r\  z\  t')  (  Q, 
and  lett<0  everywhere  in  Q.  Then  u^u  (r',  z\  t')  =  const  every  where  in  Q 
for  t  < 

Theorem  of  R  .  Vy horny  .  Let  u(r,  z,  f)be  a  continuous  solution  of 
problem  (1)  for  Hq=o  which  reaches  its  minimum  in  Q  at  the  point 

P'(r'.  zf,  V)  f  fa. .  Then  at  this  point  —  I  >0  if  P'  belongs  to  the  face  ^=0, 

du  I 

and  ;^|  <0  if  P'  belongs  to  the  face  z=H. 

Suppose  that  an  interpolatory  function  Uh  {r,  z,  t)  has  been  somehow 
constructed,  which  coincides  with  the  solution  Uikir)  of  problem  (2)  for 

on  the  nodal  lines,  is  continuous,  its  derivatives  which  enter  equation 
(1.0)  are  bound  in  Q,  satisfies  the  same  conditions  on  Tj  as  the  solution 
a(r,  2,  t)  of  problem  (1)  for  Ho  —  0,  and  on  fod- A  takes  the  value  U/,  tn+r,  =q)*(s). 
Then  the  following  estimate  holds: 

I  u  (r,  2,  t)  —  Wft  (r,  2,  /)  I  <  Ego  {r,  t)  -f  (47) 

where 

•*2  *  Jt 

g„ (r,  t)  =  min (/•);  <},  g (r)  =  — 7*^  +  '  In  —  ■ 

'  4In^  " 

E  =  supl/  — tu*|.  e,  =^sup|<i>(i)  — q)*(s)|. 

In  particular,  if  <p*  =9,  we  should  set  eo™0  in  (47).  Indeed,  consider 
the  auxiliary  functions 

V±(^^.  0  =  Hg(r)  +  +  (u  —  u,), 

which  satisfy  the  following  inequalities: 

LV±=  i/q:  Lu^-E^O, 

|r.+r,  =  ±  <P  T  <(>*  +  '0  +  ES'  (O  r,  >  0- 

From  R.  Vyborny's  theorem  it  follows  that  minV*  cannot  be  reached  on  the 

Q 

faces  z  =  0,2  =  H.  Hence,  minV^  is  attained  either  on  +  Tj,  or  inside  Q. 

Q 

If  minV^  is  reached  inside  Q,  then  from  Nirenberg's  theorem,  seeing  that 
0 

LV±  <  Of  we  infer  that  the  minimum  is  reached  for  ^  =  0.  Thus  min  is 

0 

invariably  attained  on  +  fy,  where  the  function  is  nonnegative. 

Therefore,  everywhere  in  Q  V^>  0,  which  is  equivalent  to  the  inequality 

|u— -feo,  (48) 

Now  consider  the  auxiliary  functions 

V±  {r,  z,  t)=- Et  +  £(,±{u—  u^). 

Reiterating  the  preceding  arguments,  we  obtain  the  inequality 
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|u  — <  £/  +  60. 


(49) 


which  together  with  (48)  gives  the  estimate  (4J). 

Remark  1.  If  we  have  found  a  function  UsCr,  z,  t)  which  on  the  inner 
nodal  lines  differs  from  Uf*  (r),  we  may  use  the  estimate 

!«  — ^,l<niax|u  — «a| +  U/jf,  (50) 

Q  Q 

where  Uf,(r,  z,  t)  is  the  interpolative  function  coinciding  with  %  (0  on  the 
nodal  lines.  The  first  term  on  the  right-hand  side  of  (50)  is  estimated  by 
the  preceding  inequalities,  and  the  second  term  is  known  at  least  on  the 
nodal  lines.  [  luj  can  be  estimated  using  the  theorem  of  V.  S.  Ryaben'kii 
(/16/,  p.  158),  which  gives  estimates  of  arbitrary  interpolative  functions 
in  terms  of  difference  quotients  of  corresponding  orders  of  a  function 
defined  at  grid  points. 

Remark  2.  The  estimates  (47),  (50)  have  a  certain  advantage  over 
Gerschgorin's  estimates  (45),  (46):  they  do  not  require  knowledge  of  the 
maximum  of  the  absolute  values  of  the  derivatives  of  the  required  solution 
u(n  t)  and  are  expressed  in  terms  of  the  previously  found  solution  and 
known  quantities.  They  can  be  used  in  estimating  the  accuracy  of  the 
approximate  solution  of  problem  (2)  not  only  in  conjunction  with  the  ray 
method,  but  also  with  other  methods,  e.g.,  the  difference  method. 

The  main  difficulty  involved  in  the  application  of  the  a  posteriori 
estimates  is  the  construction  of  the  interpolative  function  uh  (r,  z,  t).  Here 
we  may  use  interpolation  Hermite  polynomials,  trigonometric  polynomials, 
etc.  /ll/. 


§  3.  CASE  OF  STATIONARY  SEEPAGE 

In  this  section  we  briefly  apply  the  analysis  of  §§  1,  2  to  nonstationary 
seepage.  As  in  §  1,  we  shall  consider  the  boundary  conditions  (3.1)  — (3.4) 
to  be  such  that  a  function  ^(r,  z)  exists,  which  is  continuously  differentiable 
in  a  closed  domain  D.  has  continuous  fifth  derivatives  inside  D,  and 
satisfies  the  boundary  conditions  (3.1) — (3.4)  in  the  classical  sense.  ^*^7 
such  function  will  be  called  five -fold  smooth  permissible  function  satisfying 
the  boundary  conditions  of  the  problem. 

Definition  .  A  solution  of  problem  (3.0)  -  (3.4)  is  a  function  u  such 

1)  u  is  continuously  differentiable  inside  Q,  in  accordance  with  equation 
(3.0),  and  satisfies  this  equation; 

2)  u  satisfies  the  boundary  conditions  of  problem  (3.1)  -(3.4)  in  the 
classical  sense; 

3)  u  is  bounded  in  Q  and  u  (Wl  (Q); 

4)  if  i'S  the  boundary  of  subdomain  D*  {ri  -h  ^  <  '■<  ® 

and  W{r,z)is  a  once  continuously  differentiable  permissible  function  satis¬ 
fying  the  boundary  conditions  of  the  problem,  then 

lim  f  r0  =  0, 

2-»0  J  dn 
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where  v^u—V.  n  is  the  normal  to  n,  and  ®  any  once  continuously  diff^enti- 
able  permissible  function  satisfying  the  homogeneous  boundary  conditions 

®iri=o,  —I  so. 

dn  Ir, 

As  in  §  1,  stationary  analogs  of  Lemmas  1  and  2  on  the  maximum 
principle  and  of  Lemmas  5  and  6,  leading  to  the  existence  and  uniqueness 
of  solution,  apply  to  problem  (4,0) — (4.4),  According  to  Ya.  I,  Alikhashin, 
the  general  solution  has  the  form 

(r)  =  S  (-  1)'+^  (.•-  y  X 

X  [A,  /o  (s  r)  +  Ko  (cts  r)  +  (r)l  + 

H ^ - r  Am  In  —  +  Bm  4-  Zm  (^i)  1 . 

V^aT  L  J 


where  — cos— ,  and  /<,  (|), /Co  (^)  are  Bessel  functions;  A„  are 

h  M 

determined  from  the  system  of  algebraic  equations  obtained  from  the 
requirement  that  conditions  (4.1),  (4.2),  (4.3)  be  satisfied. 

Using  S,  N.  Bernstein's  estimate,  as  in  §1,  we  prove  the  following 

theorem.  .3, 

Theorem  2.  If  the  functions  are  bounded 

in  £>,  problem  (3.0)  -(3.4)  is  uniquely  solvable. 

As  for  nonstationary  seepage,  we  can  obtain  both  the  Gerschgorin  and 
Davidenko  estimates.  In  the  case  of  simplest  approximation  of  the 

derivative  —  on  the  sides  2=0  and  2=//,  as  in  (4.3),  we  reach  by 
dz 

considerations  of  §  2  the  estimate 

I  u  (r,  Zf)  —  (r)  1  <  Y  ((/-a  —  —  (r  —  X 


M.A*  .  M.h 


H  —  h)  2{H~-h)\^  2  J 


where  ,  0<s<4,  and  if  the  derivatives  for  2==0and  z  =  H 


are  approximated  with  a  half- mesh -spacing  shift  /ll/,  we  have  the  better 
estimate 

|«(r,  Zi)  —  u^{r)\<0{h^). 

Davidenko's  a  posteriori  estimate  for  a  perfect  borehole  (//o=0)  has  in 
this  case  the  form 


|w  — u^|<jEg(r)-f  60, 


where 


g{r)^ 


in^ 

rt 


£  =  sup  j  /  —  J,  =  sup !  <p  (s)  —  (p ♦  (s)  I . 
D  r, 
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The  proof  of  these  estimates  in  the  stationary  case  follows  §2  in  its 
entirety,  with  the  theorems  of  E.  Hopf  and  G.  Giraud  /1 7, 18/  substituted  for 
the  theorems  of  I.  Nirenberg  and  R.  Vyborny. 

The  existence  and  uniqueness  of  the  generalized  solution  for  the 
stationary  problem  in  a  more  general  case  were  previously  considered  in  /19/. 

Theorem  2  can  easily  be  extended  to  line  schemes  in  cases  Aa,  Ab,  Ab\  Ac, 
Ba,  Bb,  Bb\  Be,  B'a,  B'b,  B'b\  B%  Ca,  Cb,  Cb'  of  /20/. 
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EXPLANATORY  USX  OF  ABBREVIATED  NAMES  OF  USSR  INSTITUTIONS 
AND  PERIODICALS  APPEARING  IN  THIS  BOOK 


Abbreviation 

Full  name  Ctransliterated) 

Translation 

AN  SSSR 

Akademiya  Nauk  SSSR 

Academy  of  Sciences  of  the 
USSR 

DAN  SSSR 

Doklady  Akademii  Nauk  SSSR 

Reports  of  the  Academy  of 
Sciences  of  the  USSR 

GITTL 

Gosudarstvennoe  Izdatel'  stvo 
Tekhnicheskoi  i  Teoreticheskoi 
Literatury 

State  Publishing  House  of 
Technical  and  Theoretical 

Literature 

LGU 

Leningradskii  Gosudarstvennyi 
Universitet 

Leningrad  State  University 

MGU 

Moskovskii  Gosudarstvennyi 
Universitet 

Moscow  State  University 

Nil 

Nauchno  -Issledovatel '  skii 

Institut 

Scientific  Research  Institute 

PMM 

Prikladnaya  Matematika  i 
Mekhanika 

Applied  Mathematics  and 
Mechanics 

UMN 

Uspekhi  Matematicheskikh 

Nauk 

Advances  in  Mathematical 

Sciences 

VTs 

Vychislitel' nyi  Tsentr 

Computational  Center 
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